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Abstract: FOX is a recent powerful metaheuristic optimization algorithm, mo-
tivated by a red fox’s behavior inside snow for catching prey. Although FOX
is one of the more powerful algorithms, it has some limitations, including weak
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ploration and exploitation. This study proposes a Cubic-Lévy flight enhanced
FOX optimizer (CLFOX), which is an improved version of FOX, to overcome
its limitations. Four new techniques have been added to CLFOX to improve
FOX’s performance. The first technique is initializing the population using a
chaotic map. Second is introducing Lévy flight as another exploration strategy.

Third is increasing the main condition of the algorithm to keep the balance
between each strategy that happens inside the algorithm. Finally, an interval-
based operator is added that runs once every 10 iterations. To show the im-
portance of CLFOX, three sets of benchmark test functions are used: the classi-
cal benchmark function set, the CEC2019 set, and the CEC2022 set. The results
show that CLFOX can outperform FOX in 42 out of 45 benchmark testing func-
tions. CLFOX was also compared to nine competitive algorithms, including
FOX. The results show that CLFOX outperforms almost all the other algo-
rithms and takes the first rank among them. The statistical results show that
88% of the improved values are significant. CLFOX is also used to solve real-
world engineering challenges, including pressure vessel design, tension/string
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design, three-bar truss design, gear train design, cantilever beam design, and
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1. Introduction

Nowadays, meta-heuristic (MH) optimization techniques are frequently employed to deal with
challenging real-world problems [1]. As these problems become more sophisticated, the demand for
novel and more efficient MH algorithms is becoming increasingly critical [2]. Optimization techniques
known as MH algorithms seek to identify the optimal solution to a given issue. Stated differently, MHs
are a collection of clever techniques able to increase the effectiveness of heuristic processes and they
have demonstrated strong effectiveness in addressing large-scale optimization challenges [3].

To put it straightforwardly, optimization is the art of perfectionism that focuses on creating things
in the best possible way. The challenge of how to identify the ideal solution to a problem while impos-
ing a set of constraints is addressed by optimization [4]. The majority of MH algorithms adhere to a
common framework: they initiate by producing a random population of potential solutions and subse-
quently evolve these candidates iteratively through processes such as recombination, movement, or
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mutation. There are two main parts to the process: exploration, which looks for new places in the search
space, and exploitation, which improves the solutions in places that look promising [5].

MH algorithms have been successfully implemented across different domains [6], comprising en-
gineering problems [7, 8], vehicle routing problems [9], finance tasks [10], medical applications [11],
healthcare scheduling cases [12], economic problems [13], computer science problems [14, 15], and ma-
chine learning problems [16, 17].

The FOX optimization algorithm is among the most significant and recent developments, inspired
by how the red fox hunts in the snow [1]. This algorithm mimics how foxes hear the sound of prey and
then jump in a planned way to catch it. The exploration phase is the fox's global search for food, and
the exploitation phase is the fox figuring out how far away its target is and jumping toward it, which
becomes the two important parts of the algorithm [1, 18].

The FOX algorithm is great at finding a solution for hard optimization problems and often sur-

passes other algorithms, but it does have some flaws. Finding these flaws is important for making it
better in the future. One of the biggest problems with the FOX algorithm is that it can't achieve a proper
balance between exploring and using the information [18]. The algorithm gives each phase a 50%
chance by using a random control variable, but the way exploration is done in practice can make things
less diverse. During the algorithm's exploration stage, search agents tend to group together in the same
area because they use the best solution as a reference point. This makes exploration less random, which
stops the agents from thoroughly searching the larger search space. Another major problem is that
agents tend to get stuck in local optima [19, 20]. This occurs when the algorithm recognizes a subopti-
mal solution and inaccurately considers it to be the global optimum. This issue frequently arises from
the inadequate global search coverage already noted, which limits the agents' capacity to bypass local
minima.
To address these limitations, this work presents an enhanced version of the FOX algorithm, termed the
Cubic-Lévy Flight FOX (CLFOX) optimizer, which combines chaotic dynamics with Lévy flight move-
ment to increase randomness and drive the agents toward more distant regions of the search space,
thereby strengthening exploration and helping the algorithm avoid local optima. The main contribu-
tions of this paper are summarized as follows:

e Proposing CLFOX, which enhances the FOX optimizer through chaotic-map initialization,
where thirteen maps are examined and the most effective one is selected, together with a Lévy
flight mechanism to strengthen exploration.

e Improving the search behavior by reformulating the main condition logic to rebalance the ex-
ploitation and exploration phases, and incorporating an interval-based update strategy to pre-
vent stagnation.

e Evaluating CLFOX on three benchmark function sets, namely the classical, CEC2019, and
CEC2022 sets, and comparing it against the original FOX algorithm and eight other recent high-
performing algorithms.

e Validating CLFOX on six engineering design problems, supported by statistical analysis to con-
firm the effectiveness of the proposed improvements.

The following sections of this work are organized as follows. Section two shows some of the re-
lated works done on the FOX optimization algorithm. Section three looks at the material and methods
including the original FOX optimization algorithm and proposed CLFOX algorithm, and identifies each
strategy that was used to improve the algorithm. Section four shows the proposed algorithm’s results
and compares it to other algorithms. The discussion and future work explanation are in section five.
Finally, section six contains the conclusion.

2. Related Works

The FOX optimization method has obtained significant interest because of its simplicity and robust
efficacy in addressing diverse optimization challenges. This algorithm has become a notable title in
optimization topics among researchers. Several studies have attempted to enhance the algorithm, to
hybridize it with other algorithms or techniques, or to apply it to real-world problems across various
fields. Some of these previous works are reviewed in this section.
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Jumaah et al. [18] proposed an enhancement of FOX called Improved FOX Optimization Algorithm
(IFOX), which was developed to rectify the significant shortcomings in the original FOX algorithm,
notably that it relies on a fixed exploration and exploitation ratio, thereby limiting adaptability through-
out various optimization challenges. To address this, IFOX implements an adaptive mechanism that
dynamically chooses between exploration and exploitation according to the fitness values of potential
solutions at each iteration, instead of relying on preset probabilities. It simplifies and clarifies the fun-
damental equations by substituting unnecessarily complex or unclear formulas and minimizing the
number of hyperparameters to enhance parameter tuning efficiency. Notably, adaptive parameters are
used to increase solution diversity and enhance search robustness, while the process of computing can-
didate solutions becomes more stable and focused. These changes enable IFOX to respond more effec-
tively to the particular landscape of the optimization problem, improving convergence speed and so-
lution quality. This adaptivity entails a moderate increase in computational expense, since the fitness
function needs to be assessed twice per agent per iteration.

In another study, Wang et al. [19] proposed the improved FOX optimizer, opposition-based learn-
ing 4 FOX (OBL4FOX), to improve the global search ability and the convergence performance of the
original FOX algorithm. The proposed method uses an opposition-based learning mechanism for gen-
erating opposite solutions to enlarge the search space and enhance the global exploration. Four nonlin-
ear dynamic update strategies are proposed to enhance the core control variable of FOX, which provide
more adaptability to explore complex search spaces. The performance of OBL4FOX was tested on the
CEC2022 benchmark functions and the results demonstrated that OBL4FOX performed better than the
original FOX and other optimization algorithms. The same algorithm was also applied to engineering
optimization problems like pressure vessel, three-bar truss and welded beam design problems where
it resulted in competitive values for the objective functions within the respective engineering con-
straints.

Subsequently, Zhang et al. [20] created another modified version of FOX called adaptive spiral
flight FOX optimization algorithm ASFFOX, that was proposed to overcome some of FOX’s limitations
comprising: the weak ergodicity of agents, restricted population diversity and a propensity to enter
local optima during complicated, high-dimensional optimization issues. To overcome these issues,
ASFFOX incorporates multi-strategy enhancements. Population is initialized by a tent chaotic map with
more diverse and well-distributed individuals, improving exploration from the outset, adaptively ad-
justing inertia weights to strike a harmony among global search and local exploitation, enhancing ac-
curacy and convergence speed. It introduces the Lévy flight technique to aid in the population's depar-
ture from local optima by performing random, long-distance movements, and adopts a technique for
updating the variable spiral position to add flexibility and richness to the search paths. Collectively,
these improvements lead to a better performance and faster, more stable, convergence compared to the
original FOX.

Recently, Jumaah et al. [21] introduced a new variant of the FOX optimization algorithm, called
improved FOX (IFOX), to the literature, which tries to balance exploitation and exploration but not
through static probabilities, which becomes a significant limitation in FOX. Furthermore, the original
FOX required complex calculations, such as distance estimations and probability-based directional
jumps, which added unnecessary computational complexity. IFOX addresses these limitations by in-
troducing a dynamic, epsilon greedy approach to balance exploration and exploitation, where the bal-
ance shifts adaptively throughout training rather than remaining static. IFOX also simplifies the update
mechanisms, removing calculations for sound-based distance and directionality, and instead directly
using the best-known solution with random perturbations guided by dynamically adjusted parameters.
These modifications enabled the IFOX to deliver enhanced and resilient convergence, a decreased com-
putational cost, and enhanced generalization and training periods compared to the original FOX.

BAS [22] introduced notable research called BinFOX, a binary variant of FOX that utilizes U-
shaped transfer functions to change ongoing search updates into binary answers. The work aims to
address one of FOX's weaknesses, which is its failure to address binary optimization and discrete prob-
lems. Four variants of BinFOX are presented, each employing a distinct U-shaped transfer function to
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stabilize exploration and exploitation inside a binary search space. This method illustrates that FOX
may be effectively modified for binary problem domains by suitable discretization.

Sharma et al. [23] created another extension of the FOX optimizer named Binary FOX, which was
proposed to overcome the inability of the original FOX algorithm to solve binary optimization prob-
lems, particularly feature selection tasks. Since the original FOX operates in a continuous search space,
the authors transformed it into eight binary variants using S-shaped and V-shaped transfer functions
to convert continuous position updates into binary values. This modification enables FOX to search
effectively in binary solution spaces while preserving its exploration and exploitation capabilities. The
proposed variants were evaluated on thyroid cancer image datasets for feature selection, where they
reduced the number of selected features while maintaining high classification accuracy. Among the
proposed variants, the V1 transfer function achieved the best overall performance, demonstrating the
effectiveness of Binary FOX for binary optimization problems.

Aula and Rashid [24] proposed the hybridization of the Tree-Seed Algorithm (T-SA) and the FOX
optimization algorithm, aimed at improving optimization methodologies through the collaborative fu-
sion of these algorithms. Research outlines the creation of the Hybrid FOX-T-SA algorithm for travers-
ing intricate search spaces and attaining enhanced effectiveness in both benchmark function tests and
real optimization challenges. This method integrates FOX's exploratory powers with T-S5A's exploita-
tive strength, enabling the hybrid algorithm to adeptly manage intricate, multimodal, and limited op-
timization challenges by harmonizing global exploration with local refining, resulting in accelerated
convergence and superior quality solutions. The results demonstrate that FOX-T-SA hybridization is
proficient in improving performance across many applications by efficiently balancing exploration and
exploitation mechanisms.

Aula and Rashid [25] also examined the FOX-T-SA hybrid algorithm, focusing on its utilization in
optimizing Multi-Layer Perceptron (MLP) representations for analytical estimating in the tourism sec-
tor. This study highlights how the collaboration between T-SA's exploitation and FOX's exploration
capacities substantially enhances the predicted accuracy and convergence speed for MLPs. The results
show that FOX-T-SA hybridization serves as a potent and adaptable optimization tool, and can be used
to solve different problems.

Jumaabh et al. [26] proposed the hybridization of the FOX optimization method with Q-learning, or
Q-FOX, which aims to enhance reinforcement learning efficacy by adaptively adjusting the hyperpa-
rameters, including the discount factor and learning rate. The Q-FOX approach employs a new objec-
tive function which optimizes the average Q-values while minimizing learning error, therefore improv-
ing the learning process and resulting in more cumulative rewards than conventional Q-learning.
These adaptive tuning mechanisms mitigate the constraints of static hyperparameters, enabling the Q-
learning agents to attain more stable and efficacious learning results.

Ahmed et al. [27] proposed a further hybridization of FOX by combining it with the differential
evolution (DE) algorithm. In that work, the FOX optimization process is designated the red fox (RF).
The authors developed the RF-DE technique to enhance convergence and address the RF algorithm's
drawbacks, including premature and delayed convergence. This hybridization is accomplished by in-
tegrating the advantages of both RF and DE methodologies, yielding an improved convergence factor
and a more resilient feature selection technique. The procedure entails an initial population setup
phase, succeeded by consecutive RF and DE phases, wherein chaotic mapping is employed for initial-
izing the population to increase the initial population's fitness and expand the search space. The RF
phase mimics fox hunting strategies, but the DE phase utilizes mutation, crossover, and selection to
enhance the solutions. This integration promotes information exchange among the group members and
improves utilization.

Masbakhah et al. [28] proposed a separate study that combines FOX MH with the random forest
(RF) model to improve cervical cancer prediction, resulting in a hybrid RE-FOX technique. The FOX
algorithm is crucial in the feature selection step of the technique. Following the data preparation, the
FOX algorithm is employed on the training data to determine and select the most pertinent and impact-
ful variables for cervical cancer prediction. Upon acquiring an ideal feature set using FOX, these fea-
tures are utilized to train the RF classifier, which gains from the more concentrated, information-dense
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input. This hybridization enhances the classification results, as shown by the superior area under the
receiver operating characteristic curve, recall, accuracy, and precision across the diagnostic categories
in comparison to the use of RF alone.

Feda et al. [29] recently hybridized FOX with the grey wolf optimizer (GWO), creating the FOX-
GWO method for feature selection tasks. This approach mitigates FOX's shortcomings, including insuf-
ficient exploitation and trapping in local optima, by incorporating GWO's leadership structure and in-
formation-sharing techniques. The hybrid employs FOX operators for exploration and GWO operators
to improve exploitation, facilitating the algorithm's effective navigation of high-dimensional feature
spaces. An S-shaped function for transfers is incorporated to transform continuous locations to binary,
enhancing the selection of pertinent features. The procedure entails initializing the population, itera-
tively applying FOX and GWO methods to enhance solutions, and transforming the outcomes into a
binary format for feature assessment. Figure 1 and table 1 provide an overview of fox enhancements.

1 FOX enhancements>

!

Modifications

Hybridization

FOX-T-SA

OBL4FOX

RF-DE

ASFFOX

Q-FOX

RF-FOX

BinFOX FOX-GWO

Binary FOX

Figure 1: FOX modifications and hybridization with other algorithms.

Table 1: Enhanced FOX methods.

Reference Method Techniques used Result
An adaptable approach to exploitation and ex- Dem(?nstrated SUperor performance by 'ou.tper—
. o forming the original FOX and other optimizers
[18] IFOX ploration. Also updates to the exploitation and
. in 51 out of 52 benchmark test cases and two en-
exploration methods. . .
gineering problems.
Outperformed FOX and other algorithms on the
[19] OBLAFOX Opposition-based learning (OBL) and four non-  CEC2022 benchmark functions and achieved
linear dynamic control-variable strategies. better objective values for three engineering op-
timization problems.
Tent chaotic map for initialization, adaptive iner- ~ Surpasses the original FOX and six other algo-
[20] ASFFOX  tia weight, Lévy flight mechanism and variable rithms in convergence speed, accuracy, and sta-
spiral search strategy. bility.
Dynamic exploration exploitation trade-off, di- Introduces Artificial Liver Classifier that
21] [FOX rect position updating, elimination of auxiliary demonstrated superior performance, outper-
variables and simplified jump and movement forming or matching conventional classifiers
calculations. across five benchmark datasets.
. . - . Tested on 25 knapsack problems, the BinFOX1
F t f BinFOX, each util dif-
[22] BinFOX our variations of BinFOX, each utilizing a di variant proved to be the most effective, based

ferent U-shaped transfer function.

on calculated gap values.
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Table 1: continue.

Binary  Introduce eight FOXs based on Sand V transfer ~ Provides an effective resolution for feature se-

(23] FOX functions. lection in machine learning.
Merge FOX's exploratory capabilities with T- ~ Consistently outperforms PSO, GWO, FOX, and
[24] FOX-T-SA  SA's exploitative power across CEC benchmark  T-SA in convergence speed, solution quality,
suites and real-world engineering problems. and computational efficiency.
o . The hybrid method is ideal for analyzing vast
M FOX' lorat lit h T-
[25] FOX-T-SA erge FOX's exploratory capabilities wit and complicated datasets since it was very ef-

A loitati .
SA's exploitative power fective at optimizing MLP models

The method improved Q-learning, achieving
[26] Q-FOX Hybridize Q-learning with FOX. the maximum cumulative reward in Cart Pole
and Frozen Lake tasks.

. . e e . The RF-DE feature selection algorithm demon-
Using a chaotic map for initialization following

[27] RF-DE by RF then DE steps. s.trated superior perforrnar}cef ou.tperforming

six other contemporary optimization methods.
The hybri 11 ical

Using FOX for selecting best features, then using ¢ ?rbrld m.odg lmprOVEdo cervical cancer

[28] RE-FOX . . i prediction, achieving over 95% accuracy by se-
it to train an RF classifier. X
lecting key features.

The hybrid method uses FOX operators for ex- The new algorithm showed superior perfor-

[29] FOX-GWO ploration and GWO operators to boost exploita- ~mance across 18 datasets, outperforming other
tion. optimizers in most cases for accuracy.

It's worth mentioning that the FOX optimization algorithm, as an effective algorithm, has been
used by researchers as a powerful metaheuristic instrument for dealing with intricate optimization,
prediction, and model-tuning problems. In machine learning, FOX is used to optimize artificial neural
networks by replacing traditional weight optimization methods to improve classification performance
and avoid local optima traps [30]. FOX is able to solve nonlinear systems of equations and to tune
support v regression models to accurately predict the thermal properties of advanced nanofluids [31,
32]. Also, FOX has been employed to address hyperparameter tuning within the context of reinforce-
ment learning [33].

In medical imaging and diagnostics, FOX is applied for feature selection and weighted collective
learning to enhance the precision of models in thyroid cancer detection and to optimize the deep learn-
ing models used for brain tumor as well as skin cancer diagnosis from magnetic resonance imaging
(MRI) or dermatoscopic images [34-37]. FOX is used for solving control systems as well, as FOX opti-
mizes controller gains such as in trajectory tracking and manipulator vibration reduction, and multi-
resolution proportional integral derivative controllers for robust frequency regulation in hybrid power
systems [38, 39].

In engineering design, FOX is used for cost minimization and parameter selection, demonstrated
in optimal reinforced concrete column design and distributed generation placement in power net-
works, balancing technical and economic criteria [40, 41]. FOX also demonstrates strong performance
in signal decomposition and time-series forecasting applications, where its enhanced variants have
been used to optimize decomposition parameters under complex conditions, resulting in improved
convergence accuracy and stability [20]. Additionally, FOX is used in tuning the multimodal deep
learning frameworks used for the analysis of medical wounds, metaheuristic benchmarking, and image
segmentation model optimization—in each, it adapts and tunes essential model hyperparameters or
structural parameters to yield superior results compared to traditional methods [42, 43]. Figure 2’s cat-
egories show the use of the FOX optimization algorithm in different fields.
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Figure 2: Representative applications of FOX in machine learning, computer vision, engineering, energy systems, medical
diagnosis, and metaheuristic optimization.

Overall, the existing studies demonstrate that the performance of FOX can be enhanced by some
modifications, especially in exploration, convergence and solution quality. However, most of the re-
ported improvements focus on one or few modifications, and there is still room to investigate how
different exploration strategies can cooperate to overcome the limitations of the original FOX. In par-
ticular, the problems of keeping the population diverse and avoiding premature convergence remain
important challenges in complex optimization problems. These limitations show the need for a more
complete improvement of FOX, improving its exploring capabilities while still being able to strike a
good balance between exploring and exploiting.

Additionally, this study presents CLFOX, a new and enhanced version of FOX. The suggested
version differs from every other FOX enhancement found in the literature. This version improves algo-
rithm exploration by simultaneously introducing the Lévy flying technique and the Cubic chaotic map.
Additionally, raising the main condition causes the algorithm to function very differently than it did in
the original FOX. By introducing a random agent into the population via an interval-based technique,
the algorithm is able to increase variety and decrease the chance of getting trapped in local targets.

3. Material and Methods
3.1.1. Fox Optimization Algorithm

The FOX algorithm is an entirely novel MH motivated by nature that was developed in 2022 [1].
It is driven by the distinctive chasing method of the red fox in snowy environments. FOX has been
benchmarked against a range of established MH algorithms, demonstrating competitive performance
in solving both benchmark numerical functions and real-world optimization scenarios.

The hunting activity of the red fox in snow includes three essential stages: searching, detecting
ultrasonic signals, and jumping to grab prey. Initially, the fox engages on a random route to locate prey,
because snow cover significantly limits visibility. In its next phase, it identifies prey by detecting ultra-
sonic signals beneath the snow's surface. The fox evaluates the sound delay to determine the prey's
distance and performs an accurate jump to grab it. Nearly all MH optimization algorithms are com-
prised of two phases: exploration and exploitation. The FOX algorithm integrates each of these behav-
ioral phases to simulate its exploration and exploitation mechanisms. Significantly, in contrast to nu-
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merous other algorithms, FOX clearly separates these two phases, allocating specific processes for ex-
ploitation and exploration. This division improves the algorithm's stability and overall efficacy. The
subsequent sections clarify the mathematical modeling of these natural processes and their integration
into the algorithmic design.

3.1.2. FOX Initialization

Like many other nature-inspired algorithms, the FOX algorithm starts by initializing a population
of search agents, often referred to as the initial matrix or initial population. As shown in Equation (1),
the variable X represents a matrix containing n agents (rows) and m dimensions (columns), where each
element x; ; denotes the j — th dimension of the i — th agent:

X11 X122
X= %1 X322 . €Y)

The algorithm evaluates all agents at the beginning of every iteration by applying the objective
(fitness) function. Recognized and kept as BestPosition is the agent displaying the lowest or optimal
fitness value; its corresponding fitness is recorded as BestFitness.

To ascertain whether the algorithm should engage in exploration or exploitation throughout each
iteration, a random variable r; between [0, 1] is produced. If ; = 0.5, is more than or equal to 0.5, the
exploitation stage is initiated. Otherwise, exploration is employed. This probabilistic method guaran-
tees that the algorithm allocates roughly 50% of its iterations to each phase, preserving the equilibrium
between global and local search.

3.1.3. Exploitation Phase

The FOX algorithm's exploitation phase emulates two essential elements in the hunting behavior
of the red fox: identifying prey using ultrasonic signals and performing a strategic jump to catch it.
During this phase, the algorithm evaluates the prey's location and directs each agent to move strategi-
cally toward that place. To begin with, the algorithm calculates the speed of sound for the current iter-
ation using the best-known result and a randomly generated time value. Let SpeedOfSound; be a ran-
dom number in the extent [0, 1] and BestPosition; reflect the best place discovered thus far. The speed
of sound is then computed as:

Spood0fSound. — BestPosition; )
peedOfSound; = TimeSoundTravel,

Next, the total distance the sound travels from the fox to the prey and back is calculated using:

DistanceSoundTravel; = SpeedOfSound; * TimeSoundTravel; 3)

It is crucial to recognize that both equations use the same value for TimeSoundTravel;. Since the
total travel distance includes both the forward and return paths, the actual distance to the prey is taken
as half:

DistanceSoundTravel;

. @

PreyDistance; =

This logic follows a basic principle from physics: when using sound or ultrasonic waves to detect
an object, the measured distance must be divided by two to reflect the one-way travel.
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After estimating the prey's distance, the algorithm calculates the jump height of the fox using a
basic kinematic equation:

9.81 * t2

- (5)

Jump; =

Here, 9.81 shows the acceleration impacted on by gravity, and t is the mean time that the sound
takes to travel. To determine this average time, the algorithm first computes the mean across all dimen-
sions:

] ] Y. TimeSoundTravel; (i: 1)
SumTimePerDim = - - (6)
Dimension

_ SumTimePerDim

t= > (7

Because the jump involves both upward and downward motion, the total time is divided by 2 to
capture the duration of a single direction.

Finally, a new position is generated using the calculated jump and prey distance. The algorithm
uses one of two coefficients, ¢; or ¢,, based on the value of another random variable r,. If r, < 0.18, the
fox is modeled as jumping in a less favorable direction, and c; in the rang [0, 0.18] is used.

Otherwise, if 1, > 0.18, the fox leaps towards the northeast, which research shows has an 82%
success rate. In this case, a larger random value c, in the interval [0.19, 1] is used:

X _ {PreyDistancei * Jump; * C1, r, > 0.18 )
(+1) = | PreyDistance; * Jump; * C2, r, <0.18

This directional preference is inspired by real red fox behavior, which tends to favor the northeast
when diving for prey due to magnetic alignment. By applying this rule, the FOX algorithm increases
its chances of finding the global optimum during exploitation.

3.1.4. Exploration Phase

The initial stage of the red fox's hunting strategy, which involves seeking out prey beneath the
snow, is represented in the algorithm as the exploration phase. In metaheuristic optimization, explo-
ration denotes the worldwide and random investigation of the search space to find appealing regions
that may provide optimal solutions. In the FOX algorithm, each agent (fox) searches randomly across
the solution space in an effort to locate the prey. This randomized search permits the algorithm to di-
versify its exploration and avoid early local optimum convergence. The strategy followed in this phase
is given by the following equation:

X(i+1) = BestPosition; + rand(1, Dim) * MinSumTimePerDim * a 9

Where BestPosition; is the best place, i is the current iteration and rand(1, Dim) produces a ran-
dom matrix to give the phase more randomness and ensure the fox moves stochastically.

The value of MinSumTimePerDim is decided by selecting the minimum value among all previ-
ously calculated average times, as shown below:

MinSumTimePerDim = Min(SumTimePerDim) (10)
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The variable a is introduced to shrink the exploration range as the algorithm progresses. This
helps to focus the search more precisely in later iterations. Its value starts at 2 and decreases linearly
with each iteration, calculated as:

o=+ (- (i5))

Here, Max; represents the maximum iterations. By using this strategy, FOX ensures a balanced
transition from broad exploration in initial iterations to a more sophisticated, localized search in later
stages.

Figure 3 and Algorithm 1 provide the FOX optimization algorithm's flow chart and pseudo-code.

Start

|

Initialize population

S No

Yes l

Amend agents if they are
byound the limitation

|

Calculate fitness of each
agent

No Yes
ifri >=0.5 ’_'::-
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Figure 3: FOX optimization algorithm flowchart, illustrating population initialization, fitness evaluation, position updates, and
output of the best agent..
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Algorithm 1: FOX optimization algorithm.

1 Initialize the red fox population X, BestPosition, BestFitness, MinSumTimePerDim, c,, c,
2. Input: red fox population X

3. Whilei < Max;

4 for each agent j in X do

5. return the search agents who cross the boundaries

6 calculate Fitness for each agent

7 if Fitness; < BestFitness

8. BestFitness = Fitness;

9. BestPosition = X(i: 1)

10. endIf

11.  endFor

12.  for each agentj in X do

13. ifr; 20.5

14. initialize TimeSoundTravel

15. calculate SpeedOfSound using equation (2)

16. compute DistanceSoundTravel using equation (3)

17. compute PreyDistance using equation (4)

18. compute SumTimePerDim and t using equations (6 and 7)
19. calculate Jump using equation (5)

20. ifr, >0.18

21. find new position using equation (8), first condition
22. elseif r, < 0.18

23. find new position using equation (8), second condition
24. endIf

25. elseif r; < 0.5

26. calculate MinSumTimePerDim using equation (10)

27. calculate a using equation (11)

28. explore new position using equation (9)

29. endIf

30.  endFor

3. i=i+1
32. endWhile
33. OQutput: BestPosition and BestFitness

3.2. Proposed CLFOX

As previously mentioned, metaheuristic algorithms often depend on two primary strategies: ex-
ploration and exploitation. Attaining an efficient mix of these strategies is crucial for the algorithm's
overall efficacy. Exploitation means focusing the search on the most promising answers identified so
far, also known as the local search. An algorithm may insufficiently converge and show irregular search
behavior without adequate exploitation. Conversely, exploration permits the algorithm to analyze the
wide search space in search of various solutions. A lack of exploration could lead to early convergence
and trapping in local optima because of the reduced population variation.

The original FOX algorithm's exploitation mechanism operates effectively; nevertheless, its explo-
ration capacity is significantly constrained [1, 18]. This difference limits the algorithm's performance
when it comes to steering clear of local search results and identifying global solutions. Empirical evi-
dence corroborates this claim, since FOX exhibits superior performance in the unimodal functions rel-
ative to multimodal ones, further highlighting its weak exploratory behavior.

3.2.1. Chaotic Initialization of Population

The standard FOX approach initializes the population with uniformly distributed random num-
bers. This strategy, although relatively simple, frequently leads to restricted variety in the population
and heightens the possibility of early convergence to the local optima. In an algorithm like FOX, which
demonstrates a restricted exploratory capability, the initialization of a stochastic and heterogeneous
population is crucial. An effectively distributed and stochastic population initialization greatly en-
hances the search space coverage and optimization efficacy.

The CLFOX algorithm incorporates chaotic maps into the initialization process to overcome this
issue. Chaotic maps are nonlinear systems distinguished by their dynamic nature. Chaos is a restricted,


http://doi.org/10.24017/science.2026.2.3

http://doi.org/10.24017/science.2026.2.3 62

unstable dynamic process marked by a sensitive dependence on beginning conditions and involves an
unlimited number of unstable episodic motions [44, 45]. Chaos is described by three essential belong-
ings: ergodicity, randomness, and sympathy to beginning conditions. The incorporation of these ele-
ments ensures the variety of the generated solutions [46-48]. Consequently, they are adept at enhancing
population initialization in metaheuristic algorithms.

The use of chaotic systems in population-based algorithms has been extensively studied, with no-
table algorithms such as the fitness dependent optimizer [45], Aquila Optimization (AO) [46], grey wolf
optimizer (GWO) [49], ant colony optimization (ACO) [50], particle swarm optimization (PSO) [51],
salp swarm algorithm [52], firefly algorithm [53], coati optimization algorithm [54], artificial humming-
bird algorithm [55] and kepler optimization algorithm [56]. In these algorithms, chaotic maps are typi-
cally used to generate random numbers or initialize populations, leading to improved exploration and
convergence characteristics.

In this study, thirteen chaotic maps were examined for their effectiveness in enhancing the FOX
algorithm’s performance. These include the Chebyshev, Gauss, Circle, Logistic, Iterative, Piecewise,
Sine, Sinusoidal, Singer, Tent, Bernoulli, Piecewise, and Cubic maps. Each map was evaluated using
three different sets of benchmark functions, specifically classical benchmark methods, the CEC2019
benchmark suite, and the CEC2022 benchmark suite. Table 2 shows the win value, win rate, and signif-
icance rate of each map regarding each of the three sets of functions. The win value shows how many
functions the suggested algorithm outperforms the FOX optimization algorithm for per map, with a
total of 45 functions. The win rate is the percentage representation of the win value. The significance
rate refers to the p-value obtained from each test conducted to assess its significance.

Table 2: Chaotic map results for the proposed algorithm in comparison with the FOX optimization algorithm.

Map Classical CEC2019 CEC2022 Total

Win value 22 7 9 38
Chebyshev Win rate 95.65 70 75 80.22
Significance rate 86.67 85.71 66.67 79.68

Win value 20 7 10 37

Circle Win rate 86.96 70 83.33 80.1
Significance rate 84.62 85.71 50 73.44

Win value 21 8 9 38

Gauss Win rate 91.3 80 75 82.1
Significance rate 85.71 75 66.67 75.79

Win value 21 8 8 37
Iterative Win rate 91.3 80 66.67 79.32
Significance rate 92.86 75 75 80.95

Win value 22 7 9 38
Logistic Win rate 95.65 70 75 80.22
Significance rate 80 71.43 77.78 76.4

Win value 21 8 7 36
Piecewise Win rate 91.3 80 58.33 76.54
Significance rate 85.71 87.5 85.71 86.31

Win value 21 6 9 36
Sine Win rate 91.3 60 75 75.43
Significance rate 92.86 100 66.67 86.51

Win value 22 8 10 40
Singer Win rate 95.65 80 83.33 86.33
Significance rate 80 87.5 70 79.17

Win value 22 7 10 39
Sinusoidal Win rate 95.65 70 83.33 82.99
Significance rate 86.67 85.71 60 77.46

Win value 21 9 9 39
Tent Win rate 91.3 90 75 85.43
Significance rate 92.86 66.67 66.67 75.4

Win value 21 6 10 37
Bernoulli Win rate 91.3 60 83.33 78.21

Significance rate 85.71 83.33 70 79.68
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Table 2: continue.

Win value 22 8 9 39
Plem Win rate 95.65 80 75 83.55
Significance rate 100 87.5 66.67 84.72

Win value 22 8 10 40
Cubic Win rate 95.65 80 83.33 86.33
Significance rate 93.33 87.5 70 83.61

Win value 21 8 9 38
No map Win rate 91.3 80 75 82.1
Significance rate 92.86 75 66.67 78.18

The Cubic map is defined mathematically as:
Xp41 = axs +bx2+ (1 —a—b)x, (12)

Where x,, is a random value in rang [0, 1], x,,,; is the next generated value, and a and b are control
parameters commonly set to a = —1.5,b = 1.5.

3.2.2. Lévy Flight-Based Exploration Strategy

Lévy flights are named for Paul Lévy, a French mathematician, and are a category of non-Gaussian
random processes characterized by stationary increments that follow a Lévy stable distribution [57].
These probability distributions are referred to as Lévy distributions or steady distributions. The Lévy
flight distribution exhibits a significant likelihood of producing huge steps, which occur with greater
frequency than in a normal distribution [58, 59]. In another words, the steps that are generated using
Lévy flight gives more randomness and keep the diversity more than using a random or decreased step
size.

Two of the core challenges identified in the original FOX algorithm is its weak exploratory behav-
ior and the imbalance between exploration and exploitation. This imbalance often causes the algorithm
to converge too early, getting stuck in local optima due to its stronger focus on exploitation. To address
these limitations, the CLFOX algorithm encompasses the Lévy flight mechanism to improve its explo-
ration capabilities.

Lévy flights have proven successful at improving the performance of various metaheuristic algo-
rithms, including GWO [60], ACO [61], WOA [62], CGO [63] and AOA [64]. By replacing the random
movement component in the FOX update equation with a Lévy flight-based step, the algorithm gains
the capacity to perform both global and local searches more efficiently. The following is the modified
version of the exploration phase (Equation 9):

X(i+1) = BestPosition; + L * MinSumTimePerDim * a (13)

Here, L is the step generated with Lévy flight, calculated using the following equations:

u

L=—n (14)
v| /8
u~N(0' O-ZIDim)l U~N(0’ IDim) (15)
I'(1+ B)sin <%> /s
o= = (16)
s

In these equations, the gamma function is I'(*), u, v are Gaussian-distributed random vectors of
dimension Dim and o is a scaling for u to produce the correct Lévy behavior. Finally, § is a constant
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known as the Lévy index, which governs the distribution’s tail behavior. A lower value of 8 indicates
that the distribution's tail exhibits significant data accumulation, meaning that the values of the random
variable are more likely to deviate substantially from the distribution's mean. A higher value of § sig-
nifies that the values of the random variable are closely clustered around the mean of the distribution
[57].

3.2.3. Main Condition Increment

In the primary FOX algorithm, the split between exploitation and exploration is dictated by a sto-
chastic condition, assigning an equal 50% probability to each phase. Despite this superficial balance,
the exploration phase increasingly resembles exploitation in later iterations due to relying on the opti-
mal agent within the population [19]. This design mistakenly reduces the algorithm's exploratory ca-
pability and heightens the likelihood of early convergence.

An additional condition has been included in the enhanced version of the algorithm to help alle-
viate this limitation. The original exploration and exploitation components are each allocated a 30%
probability, reducing the overall effect to 60% of the whole decision-making process. The remaining
40% is allocated to a novel condition predicated on the Lévy flight mechanism, specifically engineered
to improve exploration by facilitating broader and more varied search steps.

This modification enhances the overall probability of exploratory behavior via either the initial
exploration equation (Equation 9) or the Lévy flight-based update rule (Equation 13). Despite the in-
creased focus on exploration, the algorithm preserves a balanced dynamic between exploitation and
exploration. This is due to the continued use of the best agent in both exploration strategies, which
ensures convergence while still expanding the search capability of the algorithm.

3.2.4. Interval-Based Operator

An interval-based technique in optimization algorithms involves doing a certain action at regular
intervals, usually following a certain number of iterations. This method is very effective for preserving
population diversity, reducing stagnation, and improving overall algorithmic efficacy. The CLFOX al-
gorithm includes an interval-based operator to prevent premature convergence by infusing variation
into the population every 10 iterations.

The technique involves the random selection of an agent from the population and uniformly rei-
nitializing its position within the specified search space. This periodic reset introduces novel genetic
material into the population, promoting the discovery of uncharted areas within the solution space.
The following formula determines the selected agent's updated position:

X, =L, + U, —L,) . * rand(1, Dim) 17)

Where r indicates the index of the randomly chosen agent, X, is its updated position, L;, and U,
are the search space's lower and upper boundaries. This method guarantees the periodic introduction
of novel diversity into the population, facilitating the exploration of new areas and diminishing the
likelihood of stagnation.

Ultimately, CLFOX employs four key techniques (chaotic maps, interval-based updates, Lévy
flight, and sigmoid-based movement) to improve the algorithm’s overall performance. These tech-
niques collectively serve to maintain population diversity, increase the algorithm's exploratory capa-
bilities, and ensure a fair compromise between exploitation and exploration. By periodically introduc-
ing variation and non-linear search dynamics, CLFOX significantly reduces the likelihood of early con-
vergence and entrapment in local optima. Figure 4 and algorithm 2 present the CLFOX flow chart and
pseudo-code.
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Figure 4: CLFOX optimization algorithm flowchart, showing population initialization, fitness evaluation, position up-
dates, periodic random agent injection and output of the best agent.
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Algorithm 2. CLFOX optimization algorithm.

1. Initialize the red fox population X using Cubic chaotic map

2. Initialize BestPosition, BestFitness, MinSumTimePerDim, c;, c,
3. Input: the red fox population X

4. Whilei < Max;

5. for each agent j in X do

6. return the search agents who cross the boundaries

7. calculate Fitness for each agent

8. if Fitness; < BestFitness

9. BestFitness = Fitness;

10. BestPosition = X(i: 1)

11. endIf

12. endFor

13.  for each agentj in X do

14. ifr; <0.3

15. initialize TimeSoundTravel

16. calculate SpeedOfSound using equation (2)

17. compute DistanceSoundTravel using equation (3)

18. compute PreyDistance using equation (4)

19. compute SumTimePerDim and t using equations (6 and 7)
20. calculate Jump using equation (5)

21. ifr, >0.18

22. find new position using equation (8), first condition
23. elseifr, < 0.18

24. find new position using equation (8), second condition
25. endIf

26. elseif r; > 0.3 &&r; < 0.6

27. calculate MinSumTimePerDim using equation (10)

28. calculate a using equation (11)

29. explore new position using equation (9)

30. elseif r; > 0.6

31. calculate L using equation (14)

32. calculate o using equation (16)

33. explore new position using equation (13)

34. endIf

35. ifimod10=10

36. replace a random agent in X using equation (17)

37. endIf

38.  endFor

39. i=i+1

40. endWhile
41. Output: BestPosition and BestFitness

4. Results

CLFOX was tested on three sets of benchmark functions along with five real world applications.
The sets included classical benchmark methods, CEC2019 benchmark suite and CEC2022 benchmark
suite, which overall make up 45 benchmark functions. The proposed algorithm was compared to nine
recent and powerful algorithms such as the original FOX optimization algorithm, AO, Dingo Optimi-
zation Algorithm (DOA), Human Evolutionary Optimization Algorithm (HEOA), Rat Swarm Opti-
mizer (RSO), Tunicate Swarm Algorithm (TSA), Hiking Optimization Algorithm (HOA), Greylag
Goose Optimization (GGO) and Pufferfish Optimization Algorithm (POA). Each algorithm was tested
30 times with a maximum of 500 iterations and 30 search agents. The results of all algorithms are avail-
able in the benchmark functions' result tables. With every trial, the p-value was calculated to demon-
strate the significance of CLFOX's better results in contrast to the other algorithms. The Wilcoxon rank-
sum test was employed to get the p-value through the paper. All p-values presented in this study were
derived using this trial with a weight threshold of 0.05. A list of all hyperparameters of CLFOX and all
algorithms compared is shown in table 3. The findings prove that CLFOX stands out from almost all of
them in fixing the benchmark functions. Compared to FOX, CLFOX gives a better result in 42 out of the
45 tested functions. Table 4 shows each tested algorithm’s time complexity and function evaluation.
Where n is the value number of agents in each iteration, m is the dimension and Maxi represents the
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maximum number of iterations the algorithm runs through. It's notable that all algorithms except AO
have the same linear time complexity, where increasing iterations linearly increase the time complexity.

The mean actual runtime of each algorithm throughout the 30 times it ran has been established in
the results tables; it's notable that there is a slight difference between the FOX and CLFOX runtimes.
CLFOX took a bit more time to find the best solution in almost every function compared to FOX, and
this delay is due to Lévy flight generation, chaotic initialization, and running an interval every 10 iter-
ations. All simulations were performed using MATLAB R2025b on a MacBook Pro with 8 GB of unified
memory and an 8-core Apple M2 CPU.

Table 3: Hyperparameters of CLFOX and all compared algorithms.

Algorithm Parameter Value
# (For all algorithms) N - Population size 30
Iteration 500
cl, 2 0.18,0.81
CLFOX B 19
p.r [0, 1]
Iteration 500
FOX cl, 2 0.18,0.81
pr [0, 1]
Iteration 250
A o, 0 0.1
Iteration 500
P,Q 0.5,0.7
DOA B1, p2 [-2,2], [1,1]
Survival threshold 0.3
Iteration 500
A 0.6
HEOA LN, EN 0.4
FN 0.1
B 1.5
Iteration 500
X, 1,5
RSO Ry L)
C [0,2]
Iteration 500
Xxmin, xmax 1,4
TsA Xr [1, 4]
2, c3 [0,1]
Iteration 500
HOA 0 [0, 50]
SF {1,2}
GGO Iteration 500
POA Iteration 500
Table 4: Information and time complexity of the compared algorithms.
Algorithm Year Time Complexity Objective Function per Iteration Max Iterations  Agent x Iterations
Main FOX 2022 0(nm(1 + Maxi)) 1 500 15000
CLFOX 0(nm(1 + Maxi)) 1 500 15000
AO [65] 2021 0(nm(1 + 2Maxi)) 2 250 15000
DOA [66] 2021 0(nm(1 + Maxi)) 1 500 15000
HEOA [67] 2024 0(nm(1 + Maxi)) 1 500 15000
RSO [68] 2021 0(nm(1 + Maxi)) 1 500 15000
TSA [69] 2020 0(nm(1 + Maxi)) 1 500 15000
HOA [70] 2024 0(nm(1 + Maxi)) 1 500 15000
GGO [71] 2024 0(nm(1 + Maxi)) 1 500 15000
POA [72] 2024 0(nm(1 + Maxi)) 1 500 15000
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4.1. Selection of the Chaotic Map

As shown in table 2, thirteen chaotic maps have been used in the proposed algorithm’s initializa-
tion and experimented on using the 45 benchmark functions. Among all of the maps, the best one was
chosen, in other words, the map that overcame FOX the most. The results of these experiments are
illustrated in figure 5, which highlights the three chaotic maps that produced the most notable enhance-
ments over the initial FOX algorithm across the majority of test cases.

Among these, with a win rate of 86.33%, the Cubic map demonstrated the most consistent and
significant enhancement. Regarding the successful tests of the Cubic map, 83.61% were significant. As
shown in the figure 5, the Singer map also has an 86.33% win rate but 79.17% of the successful test cases
of the map were significant, which is why the Cubic map was chosen over the Singer and all other
maps. It was therefore selected as the primary method for initializing the population in the improved
CLFOX algorithm.

100
! ' ! I Win rate

I Significant rate

90 - A
ss3s 8472 86.33

Value

Cubic Plem Singer
Chaotic map

Figure 5: Three best chaotic map rate results for the proposed algorithm in comparison with the FOX optimization algorithm.

4.2. Selection and Evaluation of the Lévy Flight Parameter

To determine the most effective value for § in the context of CLFOX, the parameter was tested
across a range from 0 to 2. The evaluation was conducted using 45 benchmark functions, comparing
the original FOX algorithm's performance to the improved version. The results, summarized in figure
6, indicate that setting § = 1.9 yields the most consistent improvements. Specifically, this configuration
outperformed the original FOX in 42 out of the 45 test functions, and had the highest value of signifi-
cance, demonstrating its robustness and effectiveness in enhancing exploratory behavior.
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Figure 6: The Lévy index shows better results among the 45 functions compared to FOX. (a) the number of better results
functions and (b) the siginificance rate of each test.
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Figure 7 illustrates that the Lévy flight mechanism facilitates a more extensive exploration of the
search space than the conventional random walk when applied to 23 classical benchmark functions.
This improved exploratory behavior aids in preserving population diversity and markedly lowers the
algorithm's probability of becoming caught in local optima.

CLFOX Algorithm Movement Patterns on 23 Classical Benchmark Functions
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Figure 7: Lévy flight vs random walk search agents, (a-w) tested on 23 classical benchmark functions.

4.3. Interval-Based Operator Evaluation

To show the impact of adding the interval-based strategy to the proposed algorithm, CLFOX was
evaluated using three sets of benchmark functions, both with and without the interval strategy. Figure
8 illustrates the impact of the interval on CLFOX in comparison to FOX. CLFOX with the interval strat-
egy achieved better results than FOX in 42 out of 45 functions. When the interval strategy was removed
from CLFOX, the number of functions on which it outperformed FOX decreased to 33 across the three
benchmark sets.
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Figure 8: CLFOX with and without interval results compared to FOX.

4.4. CLFOX Evaluation using Classical Benchmark Functions

To assess the effectiveness of the suggested technique, one of the function sets used is classical
benchmark functions. The set contains 23 functions. Using classical benchmark functions is a challeng-
ing and important way to evaluate an algorithm because the set contains functions with different prop-
erties. Functions 1 to 7 are unimodal methods, functions eight to thirteen have multimodal properties,
and functions 14 to 23 are fixed-dimensional functions. The variety in the set lets researchers use clas-
sical benchmark functions to evaluate all possible weaknesses of their algorithms. In other words, if an
algorithm has issues with a function from 1 to 7, it means that the algorithm has weak exploitation,
since those functions are unimodal and only have a single global optimum. Also, when an algorithm
scores low in functions from 8 to 13, which are multimodal functions, it means that the algorithm lacks
when it comes to exploring the search area, so the exploration phase must be improved. Functions from
14 to 23, which are fixed-dimensional functions, can be used to evaluate both the exploitation and ex-
ploration of an algorithm.

Table 5 displays the results as average (Avg), standard deviation (Std), median, best, worst and
runtime for each function over the nine algorithms and CLFOX. The results demonstrate that CLFOX
delivers a superior performance in 22 functions compared to the FOX optimization algorithm, and
overall outperforms 15 functions compared to all other algorithms. The functions where CLFOX out-
performs all other algorithms have a bolded value inside the table. CLFOX outperforms FOX in all
unimodal functions except function 7, and CLFOX does not take the first rank in function 5 compared
to all other algorithms. It is notable that the two functions (7 and 5) have the same properties, as they
are both unimodal, non-separable, non-rotated and asymmetric functions. Otherwise, CLFOX outper-
forms FOX in all multi-modal and fixed-dimension functions. This proves that CLFOX is more capable
of exploring than FOX, and that CLFOX maintains the harmony between exploitation and exploration.

Based on the results of table 5, figure 9 was created. The figure 9 shows the average rank and place
of the algorithms based on their results regarding the 23 classical benchmark functions.
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Table 5: Avarage, standard deviation, median, best, worst and runtime values for CLFOX and the compared algorithms, evaluated using classical benchmark functions.

Algorithm F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 F11 F12 F13 F14 F15 F16 F17 F18 F19 F20 F21 F22 F23
Avg 0 0 0 0 021307  3.78E-07  0.000148 -1739.538 0  4.44E-16 0 1.0SE-07  2.05B-07 46769 0.00032097 -1.0316  0.39789 3 -3.8628 -3.2743 -62523 -6.159 -5.8621

Std 0 0 0 0 0.075462  2.53E-07 0.0001316 288.5844 0 0 0 8.78E-08  2.83B-07 3.7654 292E-05 9.98E-10 138E-10 1.61E-08 1.95E-07 0.059355 2.1889 2.1583  1.8649

CLFOX Median 0 0 0 0 0.20342  3.26E-07 0.00011383 -1719.852 0  4.44E-16 0 9.47E-08  9.72E-08  3.9683 0.00031046 -1.0316  0.39789 3 3.8628 -3.322 -5.0552 -5.0877 -5.1285
Best 0 0 0 0 0.011362 5.27E-08  3.77E-06 -2094.914 0 4.44E-16 0 2.07E-08 7.39E-09 0.998 0.00030749  -1.0316 0.39789 3 -3.8628  -3.322 -10.1532 -10.4029 -10.5364

Worst 0 0 0 0 0.34614 9.02E-07 0.00052317 -1314.953 0 4.44E-16 0 3.88E-07 1.42E-06  12.6705 0.00042538 -1.0316 0.39789 3 -3.8628 -3.2026 -5.0552 -5.0877 -5.1285

Runtime 2.64E-02 2.40E-02 3.04E-02 2.30E-02 2.95E-02  232E-02 2.93E-02 2.63E-02 248E-02 2.51E-02 2.79E-02 5.12E-02  5.17E-02 1.57E-01 2.44E-02  2.32E-02 2.09E-02 2.06E-02 2.66E-02 2.87E-02 2.91E-02 3.14E-02 3.55E-02

Avg 0 0 0 0 026439  1.07E-06 9.59E-05 -1328.495 0  4.44E-16 0 3.97E-07  0.0003668 10.5779 0.00058861 -0.95001  0.39789 5.7 -3.8628 -3.2358 -5.2266 -5.6233 -5.8495

Std 0 0 0 0 0.098361  891E-07 9.39E-05 258.8722 0 0 0 436E-07  0.002006 3.6243 0.00046326 0.24904  4.65E-10 82385 1.62E-06 0.057468 0.93051 1.6205 1.8698

FOX Median 0 0 0 0 0.23491  7.54E-07 4.91E-05 -1325.055 0  4.44E-16 0 247E-07  3.94E-07 12,6705 0.00033472 -1.0316  0.39789 3 -3.8628 -3.2021 -5.0552 -5.0877 -5.1285
Best 0 0 0 0 0.14558  9.99E-08 9.51E-06 -1759.336 0  4.44E-16 0 260E-08  3.33E-08 0998 0.00030761 -1.0316  0.39789 3 -3.8628  -3.322 -10.1532 -10.4029 -10.5364

Worst 0 0 0 0 0.64683  4.36E-06 0.00042427 -849.2697 0  4.44E-16 0 1.95E-06  0.010988 126705 0.0016165 -0.21546  0.39789 30 -3.8628 -3.1847 -5.0552 -5.0877 -5.1285

Runtime 1.77E-02 1.94E-02 2.61E-02 1.86E-02 2.51E-02  1.85E-02 2.49E-02 2.16E-02 1.96E-02 2.01E-02 2.29E-02 4.74E-02  4.61E-02 1.53E-01 1.97E-02  1.94E-02 1.72E-02 1.69E-02 2.26E-02 2.39E-02 2.46E-02 2.68E-02 3.07E-02

Avg  6.75E-56 248E-31 7.65E-56 4.37E-29 0.0035285 4.24E-05 0.00019972 -1885.274 0  4.44E-16 0 276E-05  3.89E-05 29949 0.00054715 -1.0309  0.39829  3.0831 -3.8449 -3.1165 -10.1351 -10.3762 -10.5138

Std  3.70E-55 1.36E-30 3.00E-55 2.33E-28 0.0070582  7.41E-05 0.00017546 299.2784 0 0 0 3.82E-05  5.56E-05 3.1973 0.00014221 0.0009626 0.00049542 0.098661 0.02021 0.097248 0.022864 0.044945 0.032167

A0 Median 3.00E-79 5.30E-40 1.29E-76 1.71E-40 0.0012646 9.75E-06 0.00013346 -2091.956 0  4.44E-16 0 1.01E-05  1.04B-05 1992 0.0005284  -1.0313  0.39814  3.0518 -3.8515 -3.1338 -10.1438 -10.3956 -10.5239
Best 1.71E-86 3.90E-43 1.76E-82 2.34E-44 151E-05 275E-07 8.08E-07 -2094908 0  4.44E-16 0 1.65E-07  1.14B-07  0.998 0.00032507 -1.0316 0.3979 3.0032 -3.8614 -3.2417 -10.1531 -10.4026 -10.5363

Worst  2.03E-54 7.45E-30 1.43E-54 1.28E-27 0.036103  0.0003568 0.00062573 -1300.625 0  4.44E-16 0 0.00017037  0.00022989 12.6705 0.00097235  -1.027 0.40033  3.4542  -3.7818 -2.9136 -10.0598 -10.2271 -10.4062

Runtime 2.38E-02 2.44E-02 3.74E-02 229E-02 3.33E-02  229E-02 3.51E-02 2.95E-02 247E-02 2.63E-02 3.24E-02 7.96E-02  7.93E-02 2.95E-01 2.50E-02  2.45E-02 1.98E-02 1.92E-02 3.02E-02 3.31E-02 3.47E-02 3.98E-02 4.75E-02

Avg  167E-60 1.09E-40 1.28E-62 5.17E-40  1.969% 0.030691 0.00036382 -1626.297 0  4.44E-16 0 0.0034812  0.014938 2577  0.0015645  -1.0316 0.3979 3.0141  -3.853 -3.2554 -8.0766 -7.5483 -7.0245

Std  9.13E-60 5.97E-40 6.38E-62 2.56E-39 15071 0.13293  0.00037042 247.301 0 0 0 0.013639  0.030388 22115 0.0037691 2.03E-10 8.03E-05 0.07706 0.034815 0.10893 2.6377 3.1982 3.4648

DOA Median 6.48E-167 1.04E-86 3.66E-160 3.80E-86  2.0585 1.65E-11 0.00023153 -1655.016 0  4.44E-16 0 1.48E-14  0.00053388 0.998 0.00030803 -1.0316  0.39789 3 -3.8628 -3.3067 -10.1532 -10.4022 -5.8121
Best 0 2.77E-26 0 1.89E-25 0.0045454 829E-29 4.27E-06 -1976.476 0  4.44E-16 0 223E-31  6.41E26 0998 0.00030749 -1.0316  0.39789 3 -3.8628  -3.322 -10.1532 -10.4029 -10.5364

Worst  5.00E-59 3.27E-39 3.49E-61 1.40E-38  3.9884 070753 0.0017696 -1137.529 0  4.44E-16 0 0.068342 0.15041  10.7632 0.020363  -1.0316  0.39833  3.4221  -3.7124 -2.7836 -2.6305 -2.2234 -2.42

Runtime 3.01E-02 3.14E-02 3.71E-02 3.08E-02 3.43E-02  3.05E-02 3.62E-02 3.26E-02 3.19E-02 3.39E-02 3.50E-02 5.91E-02  6.13B-02 1.69E-01 3.08E-02  3.28E-02 297E-02 294E-02 3.23E-02 3.58E-02 3.64E-02 4.00E-02 4.40E-02

Avg  214E-96 7.18E-42 2.64E-106 3.77E-42 17864  0.00034614 0.0001748 -1591.330 15011 4.44E-16 0.41453  0.10685  0.00022278 9.9252 0.00034655 -1.0313  0.39839  7.5902  -3.7848 -3.0532 -8.1675 -8.9607 -9.0993

Std  1.17E-95 3.81E-41 1.25E-105 2.06E-41  1.6486 0.001417 0.00018992 266.9458 2.2193 0 0.15537  0.56752  0.00047813 3.7163 5.16E-05 0.00034294 0.0009707 10.2074 0.048522 0.088319 13514 1.3912 1.4441

HEOA Median 1.79E-106 1.27E-46 3.18E-110 6.96E-51  2.7164 4.98E-05 0.00011665 -1584.972 2.76E-11 4.44E-16 0.43759 0.00022146 4.20E-05 12.6705 0.00032757 -1.0315  0.39807  3.0171  -3.7687 -3.0617 -85524 -9.417 -9.3924
Best 7.66E-111 1.56E-48 1.69E-115 7.82E-55 0.0037411 8.00E-06 7.88E-07 -2093.370 0  4.44E-16 0.11486 3.50E-06  2.61E-06 29821 0.00031112 -1.0316  0.39789 3 3.8627 -3.2694 -10.1475 -10.3947 -10.5233

Worst  6.40E-95 2.09E-40 6.84E-105 1.13E-40 35604  0.0078303 0.00087289 -1043.303 5.1568 4.44E-16 0.7827  3.1115 0.0020161 12.6705 0.00050755 -1.0305  0.40308  30.0628 -3.7141 -2.8589 -5.2396 -6.0904 -5.6367

Runtime 6.43E-02 7.78E-02 848E-02 7.75E-02 8.25E-02  7.77E-02 835E-02 8.29E-02 7.83E-02 7.88E-02 8.20E-02 1.05E-01  1.06E-01 2.11E-01 7.63E-02  7.22E-02  7.02E-02 6.98E-02 7.75E-02 8.43E-02 8.20E-02 8.48E-02 8.86E-02

Avg  9.73E-275 1.52E-14 6.37E-275 9.11E-13  3.1709 0.058267 0.00030555 -1473.096 0  4.44E-16 0 0.028236 0.2381 28397 0.0011332  -1.0315 041331  3.0001 -35173 -1.8691 -0.79557 -1.0228 -1.5324

Std 0 8.24E-14 0 496E-13  0.15962 0.10732  0.0003086 192.0728 0 0 0 0.026646  0.055507 23186 0.00036987 0.00016318 0.01519 0.0001441 0.23337 0.58316 0.44724 0.71667 0.82236

Median 0 0 0 0 3.1223 3.61E-05 0.00020656 -1494.103 0  4.44E-16 0 0.036258 0.24106  2.9821 0.0012465 -1.0316  0.40985 3 35325  -1.782 -0.68512 -0.79965 -1.239

RSO Best 0 0 0 0 2.9765 456E-06 1.08E-05 -1894.148 0  444E-16 0 121E-05  0.087354  0.998 0.00042673 -1.0316  0.39801 3 -3.8445 -2.8002 -2.3548 -3.7777 -3.3682
Worst  2.92E-273 4.52E-14 1.91E-273 2.72E-13  3.6926 0.25001  0.0012376 -1018.275 0  4.44E-16 0 0.078543 033157  10.7632 0.0016627  -1.0311 047475  3.0006  -2.9709 -0.80998 -0.35056 -0.4194 -0.60494

Runtime 848E-03 9.46E-03 1.60E-02 8.85E-03 1.39E-02  890E-03 148E-02 1.20E-02 9.79E-03 1.05E-02 1.36E-02 3.72E-02  3.70E-02 1.41E-01 9.75E-03  9.36E-03  7.02E-03 6.61E-03 1.26E-02 1.43E-02 1.45E-02 1.70E-02 2.04E-02
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Avg  7.67E-60 8.86E-36 9.12E-44 3.29E-20  3.4546 0.47534  0.0013548 -1381.469 4.0481 0.25363 0.22316  0.64056 027577 87017 0.012323  -1.0264  0.39791 122683 -3.8622 -3.2546 -6.41 -6.3488 -7.2225

Std  295B-59 1.74E-35 3.12E-43 9.35E-20  0.84744 0.23057 0.00093632 240.176 2.4832 0.81486 0.11349  1.0856 0.14395 4655  0.019156  0.011989 2.14E-05 22.6131 0.0014014 0.10458 3.427  3.4658 3.8532

TsA Median 2.32E-62 2.66E-37 4.55E-47 3.05E-21  3.7612 0.50043  0.0012644 -1371.756 4.1157 5.77E-15 0.21352  0.08021 0.29921  10.7632 0.00089431  -1.0316 0.3979 3 -3.8627 -3.3196 -5.0278 -5.054 -10.1328
Best 5.55E-66 5.21E-42 5.02E-56 1.07E-23 1.2493 5.41E-05 0.00038378 -1749.341 0 4.00E-15 0.033043  4.02E-05 9.69E-05 1.992  0.00030809 -1.0316 0.39789 3 -3.8628 -3.3215 -10.0615 -10.3604 -10.4447

Worst  1.57E-58 5.66E-35 1.55E-42 4.89E-19  4.5294 1 0.0044803 -870.2625 11.358 3.5778  0.5526 3.4558 0.53802  18.3043  0.069865 -1 0.39797  92.0449  -3.8568 -2.8387 -2.5946 -1.8268 -1.8499

Runtime 1.25E-02 1.42E-02 2.08E-02 1.35E-02 1.85E-02  1.35E-02 1.96E-02 1.68E-02 1.50E-02 1.51E-02 1.92E-02 4.16E-02  4.14E-02 1.46E-01 1.35E-02  1.12E-02  8.94E-03 8.66E-03 1.50E-02 1.94E-02 1.83E-02 2.06E-02 2.52E-02

Avg  554E-29 4.13E-15 3.50E-27 6.90E-15 0.11117 0.16001  0.00029171 -1447.964 6.26E-11 6.13E-15 0.012199  0.097223  0.0012008  5.8842 0.00035616  -1.0309 0.3979 49891  -3.8613 -3.2132 -8225 -8.6301 -8.7458

Std  1.50B-28 5.54E-15 5.37E-27 6.23E-15 0.19334  0.099315 0.00022601 218.1086 3.43E-10 4.13E-15 0.024777 0.22374  0.0018111 2.8333  5.33E-05 0.0016758 4.49E-05  5.4762 0.0017205 0.085056 2.1733 1.2872  1.7849

HOA Median 8.19E-30 2.09E-15 4.61E-28 4.85E-15 0.030979  0.15601 0.00021306 -1437.419 0  4.00E-15 0 0.046293  0.00069579 6.9033 0.00033199  -1.0316  0.39789  3.0198  -3.862 -3.2486 -9.3569 -8.7734 -9.6448
Best  2.59E-32 6.79E-17 5.69E-31 5.06E-16 0.00064936 0.026301 1.63E-05 -2089.247 0  4.44E-16 0 0.0033029  3.12E-05  1.0121 0.00030872 -1.0316  0.39789 3 -3.8628 -3.3188 -10.147 -10.3978 -10.5292

Worst  7.77E-28 2.32E-14 2.20E-26 2.19E-14  0.94526 0.42237  0.0010256 -910.2696 1.88E-09 2.18E-14 0.084423  1.2505 0.0093112 126705 0.00053428  -1.0239 0.3981  30.0272 -3.8569 -3.0451 -2.8112 -5.8316 -5.0244

Runtime 2.38E-02 2.52E-02 3.51E-02 2.77E-02 3.29E-02  243E-02 3.33E-02 3.09E-02 2.42E-02 2.95E-02 3.25E-02 5.70E-02  5.81E-02 1.71E-01 3.00E-02  2.98E-02 241E-02 2.62E-02 2.92E-02 3.23E-02 3.41E-02 3.63E-02 4.18E-02

Avg  34.7891 047647 157.6489 5.3683 5752008  41.5943  0.010967 -1361.735 5.265 3.5499 0.63974  2.0748 6.3413 6.8706 0.0092188  -1.0278  0.41527  9.0768  -3.8193 -2.9222 -43471 -55744 -4.4554

Std 57.848  0.40872 163.3963 4.1012  809.3555  49.5958  0.0095745 191.9543 2.8295 1.9108 0.50913  1.6687 202563  4.6838  0.01591  0.018138  0.04553  17.5173 0.046981 0.29283 2.8678 3.266  2.9755

Median 11.0653 0.39948 113.7321 43167  260.0298  17.0275  0.006518 -1298.217 4.4348 29702 051963  1.6216 0.73809 59327 0.0036003  -1.0316  0.39797  3.0001  -3.8385 -3.0231 -2.6806 -3.8968 -2.8655

GGO Best  0.072439 0.0241 22899 048403  2.2195 0.099923  0.00087428 -1850.020 1.6783 0.58457 0.16821 0.0014008  0.11721 0.998 0.00058861 -1.0316  0.39789 3 -3.8625 -3.3117 -9.998 -10.3932 -10.4919
Worst 2714262 1.7087 805.098 189968 3706.4479  165.0208 0.032414 -1063.160 14.2581 9.9307  2.6074 5.6354 97.7815  17.3744 0.065072  -0.93197 059001  90.9986 -3.6947 -2.3362 -0.57741 -1.3908 -1.6326

Runtime 1.23E-02 1.29E-02 1.57E-02 8.90E-03 140E-02  9.29E-03 1.44E-02 1.43E-02 1.30E-02 1.08E-02 1.40E-02 3.73E-02  3.70E-02 1.44E-01 1.02E-02  1.06E-02 1.18E-02 8.06E-03 1.62E-02 1.37E-02 1.49E-02 1.73E-02 2.13E-02

Avg  2270.8254 11.0269 2804.6449 33.6596 338417.2711 2564.8971 0.59676 -1437.203 35.6476 16.0715 24.3405 709029.7322 3061947.241 2.8631 0.0026011  -1.0009 043206  3.6877  -3.8353 -2.8878 -1.145 -1.3641 -1.5099

Std 9061828 3.1921 1010.5528 8.0994 294977.4001 1169.6649  0.28581 102.4102 5.5591 2.2134 9.6838 1437055.141 3313603.731 1.4352 0.00082477 0.023938  0.028993  1.0887  0.014676 0.11172 0.42614 0.69075 0.74133

Median 2148.946 11.1759 2590.4245 33.6681 236285.838 2560.1322  0.54096 -1420.916 36.3348 16.7278 24.5012 277076.0918 2166089.349 2.6081 0.0024143  -1.0039 042688  3.3642  -3.8401 -2.9006 -0.95685 -1.1313 -1.3211

roA Best 4622314 3.1951 1089.5125 20.2493 24914.8482 1957593  0.10818 -1711.181 25.2178 10.3065 7.9004 20.579  10939.7309 0.99806 0.0015722  -1.0316 039951  3.0167  -3.8529 -3.1304 -2.4496 -4.3269  -4.86
Worst  3876.3516 15.9873 4991.5629 53.2827 1220518.848 5364.8497 139 -1267.834 44.1174 19.5015 48.5343 7619924.914 14720845.41 6.1403 0.0059538 -0.94231  0.51415  8.7143  -3.7975 -2.6695 -0.72578 -0.85493 -0.89673

Runtime 4.14E-03 4.87E-03 1.14E-02 4.15E-03 9.30E-03  4.23E-03 9.98E-03 7.29E-03 5.72E-03 7.09E-03 9.30E-03 3.25E-02  3.22E-02 1.36E-01 5.52E-03  6.17E-03  3.72E-03 3.43E-03 8.95E-03 9.31E-03 1.02E-02 1.26E-02 1.67E-02
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CLFOX ranks top with an average score of 2 out of all other algorithms. After CLFOX, AO and
DOA took the second and third place respectively. FOX takes fourth place, and the other algorithms
come after. The results show that CLFOX not only outperforms FOX but also surpasses some of the
most powerful and recent algorithms.
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Figure 9: Average rank per algorithm.

Table 6 presents the p-value of CLFOX in comparison to the nine other algorithms. The p-value
outputs prove that the CLFOX results for the 22 functions compared to FOX out of the 23 classical
benchmark functions are all significant. The NaN values in the tables of statistical results indicate that
the two algorithms obtained identical results with zero variance over the runs, and the rank-sum test
is statistically undefined. Empty cells indicate cases where the compared algorithm outperformed
CLFOKX for that function.

The convergence curve of CLFOX and the nine other algorithms over the 23 classical benchmark
methods are illustrated in figure 10. CLFOX exhibits superior convergence speed in comparison to al-
most all other compared algorithms. This can be clearly seen in functions F1-F6, F9-F13 and F15-F17.
The efficient search strategy used by CLFOX, which upholds a fair trade-off between exploitation and
exploration, is responsible for this quicker convergence. More importantly, in most cases, CLFOX pro-
duced noticeably better optimal solutions in addition to quicker convergence than the other nine algo-
rithms.

Overall, CLFOX demonstrates clear superiority over FOX, outperforming it in 22 out of the 23
classical benchmark methods and achieving statistically significant results in almost all cases. The im-
proved performance arises from the many adjustments implemented in the algorithm that boost its
efficiency and reliability. For the unimodal functions F1-F6, CLFOX attains superior outcomes primar-
ily due to the application of chaotic maps during the phase of initialization, enhancing population di-
versity and establishing a more effective beginning stage of the search process.
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Table 6: Statistical results (P-value) for CLFOX compared to competitive algorithms using the classical benchmark functions set.

Com-

I:lf;‘f F1 F2 F3 F4 5 F6 F7 F8 F9 F10 F11 F12 F13 F14 F15 F16 F17 F18 F19 F20 F21 F22 F23
rithm

FOX NaN NaN  NaN  NaN 004515 4.08E-05 357E-06 NaN  NaN NaN  5.46E-06 0.00044592 0.00044592 0.007959 0.0017666 0.0038481 0.00047138 0.00047138 6.28E-06 1.03E-06 0.0015969 0.00017836
AO 121E-12 121E12 121E12 121E12 1.78E-10  0.29727 NaN NaN  NaN  670E-11 1.46E-10 899E-11 3.02E-11 3.02E-11 3.02E-11 3.02E-11  6.53E-08

DOA 193E-10 121E-12 1.93E-10 1.21E-12 8.15E-05 0.0015969 0.0060971 0.12233 NaN  NaN  NaN 0077272 0.37904 0.55921 456E-11 5.46E-10 848E-07  0.49178

HEOA 1.21E-12 1.21E-12 1.21E-12 1.21E-12 0.27071 3.02E-11 0.85338  0.05746 5.38E-06 NaN 1.21E-12 3.02E-11 3.02E-11 1.79E-06 1.17E-05 3.69E-11 3.02E-11 3.02E-11  3.02E-11  9.76E-10

RSO 0.002788 0.002788 0.00066167 0.002788 3.02E-11 3.02E-11 0.031466 0.00058737 NaN NaN NaN  3.02E-11 3.02E-11 3.02E-11 3.02E-11 3.02E-11 6.07E-11  3.02E-11  3.02E-11  3.02E-11 3.02E-11  3.02E-11

TSA 1.21E-12 1.21E-12 1.21E-12 1.21E-12 3.02E-11 3.02E-11 6.70E-11 243E-05 4.57E-12 6.31E-13 1.21E-12 3.02E-11 3.02E-11 0.00097669 3.52E-07 3.69E-11 3.02E-11 3.02E-11  3.02E-11 0.00055611

HOA 1.21E-12 1.21E-12 1.21E-12 1.21E-12 3.02E-11 0.0018575 0.00026806 0.1608 1.99E-12 0.00031349 3.02E-11 3.02E-11  0.015634 2.77E-05 4.12E-06 1.47E-07 7.77E-09  3.02E-11 0.00055611

GGO 1.21E-12 1.21E-12 1.21E-12 1.21E-12 3.02E-11 3.02E-11 3.02E-11 7.60E-07 1.21E-12 1.21E-12 1.21E-12 3.02E-11 3.02E-11 0.019878 3.02E-11 0.13727 1.53E-05 1.29E-06 3.02E-11  8.48E-09 0.00033679 0.093341 7.66E-05

POA 1.21E-12 1.21E-12 1.21E-12 1.21E-12 3.02E-11 3.02E-11 3.02E-11 2.00E-05 1.21E-12 1.21E-12 1.21E-12 1.21E-12 3.02E-11 3.02E-11 3.02E-11 3.02E-11 3.02E-11  3.02E-11  3.02E-11  3.02E-11  3.02E-11  3.02E-11
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For the multimodal functions F8-F13, CLFOX consistently outperforms FOX, an advantage at-
tributable to two principal techniques. The initial aspect is the implementation of the Lévy flight mech-
anism, which improves the algorithm's exploration capacity and decreases the probability of early con-
vergence to local optima. The second involves the periodic introduction of a random search agent every
10 iterations, a method that maintains diversity and prevents stagnation. The modification of the prob-
ability distribution across the three primary position-update equations guarantees that each has an
equal likelihood of application, thus enhancing the balance between exploitation and exploration
phases.

These combined strategies not only improve CLFOX’s performance in solving unimodal and mul-
timodal problems but also enhance its robustness regarding the fixed-dimensional methods F14-F23.
The outputs confirm that CLFOX maintains a strong equilibrium between exploitation and exploration,
leading to consistently better outcomes than FOX across nearly the entire benchmark suite.
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4.5. CLFOX Evaluation of the CEC2019 Benchmark Functions

The CEC2019 benchmark function is another set that was utilized to assess the performance of
CLFOX and to compare it against different algorithms. The set contains 10 functions, all of which are
multimodal functions that have several local optima. The initial three functions are neither shifted nor
rotated, whereas the subsequent seven functions (4 to 10) have both shifting and rotation [67]. Conse-
quently, they are adept at evaluating the reliability, accuracy, convergence rate, and efficacy of algo-
rithms in overcoming local optima. Algorithms having issue with these functions often do so because
they are lacking in the exploration step of their algorithm. Compared to the classical benchmark func-
tion set, these problems are considered to be more complex functions to solve.

According to table 7, the results of CLFOX are compared to nine other algorithms. The table 7
proves that CLFOX provides a better result than FOX in 8 out of the 10 methods of the CEC2019 bench-
mark function set. The only function where CLFOX does not perform well compared to the other algo-
rithms is function 5 (Griewangk’s Function). In this function, CLFOX outperforms only the main FOX
and POA algorithms, while the other seven algorithms achieve better results. There are no appreciable
differences between Griewangk’s function and the other functions in the CEC2019 test set that could
directly explain this weakness. However, there is one notable distinction: Griewangk’s function has
fewer local optima compared to the other functions. This difference may explain the weakness of
CLFOX in that function, leading to the conclusion that CLFOX could still be further improved in terms
of exploitation to achieve better results. Figure 11 shows the ranking of the algorithms, and CLFOX
takes first place among them with a total average of 2.2.
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Figure 11: Average rank per algorithm for the CEC2019 set.
Table 7: CEC2019 results for CLFOX and the compared algorithms.
A‘lgo- Cecl Cec2 Cec3 Cecd Cec5 Cec6 Cec7 Cec8 Cec9 Cecl0
rithm
Avg 19048.5849 18.3432 13.7024 998.2637 5.0352 4.05E+00 315.8113 5.8437 3.5479 2.10E+01
Std 22187.8783 0.00013028  4.02E-08 664.1001  0.95686 1.09E+00 138.9135 0.26628  0.32337  0.012973
CLFO Median 1 18.3432 13.7024 809.302 49418 4.03E+00 263.9037  5.8413 3.4534 2.10E+01
X Best 1 18.343 13.7024 66.6819 3.0211 2.81E+00 1.17E+02  5.1322 3.3538 2.10E+01
Worst 48006.1588 18.3436 13.7024 2740.5819  7.2009 6.57E+00  859.653 6.293 5.1138  2.10E+01
Runtime 1.43E+00 3.01E-02 4.52E-02 3.12E-02  3.03E-02 6.58E-01 3.12E-02 3.11E-02 2.84E-02 3.32E-02
Avg 209844492 183436 137026 21315812 67142 481E+00 354E+02 57195  3.8197  2.10E+01
Std 22898.1578 0.00026154 0.00063293 1220.1721 1.307  1.02E+00 2.38E+02 0.50898  0.48733 0.0064206
FOX Median 1 18.3435 13.7024 2067.4689  6.6412 4.83E+00 2.93E+02  5.8049 3.7012 2.10E+01
Best 1 18.3432 13.7024 390.0414 44931 3.20E+00 6.13E+01  4.5274 3.3962 2.10E+01
Worst 52516.166 18.3443 13.7049 5150.2418 8.7606  6.91E+00 956.9258  6.6835 5.3492 2.10E+01
Runtime 1.42E+00 2.13E-02 3.54E-02 247E-02 2.36E-02 647E-01 241E-02 241E-02 215E-02 2.62E-02
Avg 6.52E+04 1.84E+01 1.37E+01 1.74E+03 2.8837 1.22E+01 433.6434  5.7822 13.0339  2.14E+01
Std 1.15E+04 1.75E-02 1.35E-05 9.51E+02  0.27499 6.30E-01 179.3923 0.48847  12.5987 0.21425
AO Median 6.32E+04 1.84E+01 1.37E+01 1.60E+03 2.89 1.24E+01  398.0301 5.8598 7.3146 2.15E+01
Best 4.69E+04 1.84E+01 1.37E+01 1.24E+02 2.32E+00 1.10E+01 1.28E+02  4.8152 5.1709 2.06E+01
Worst 9.36E+04 1.84E+01 1.37E+01 3.34E+03 3.4761 13.5693  774.7863 6.809 60.2146  2.17E+01
Runtime 2.89E+00 2.78E-02 5.74E-02 3.32E-02 3.34E-02 1.30E+00 3.39E-02 3.70E-02 2.80E-02 3.69E-02
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Table 7: continue.

Avg 8.18E+04 1.84E+01 1.37E+01  4.24E+03  3.8122 129275 888.8147 6.7152  487.6286 2.15E+01

Std 9.37E+04 1.04E-01 525E-04  2.79E+03 0.85817 0.99297 342.7094 0.49027 400.8926  0.83714
DOA Median 4.34E+04 1.83E+01 1.37E+01  4.00E+03  3.6108 1.31E+01 887.833 6.7422  350.0095 2.17E+01
Best 36538.2527 1.83E+01 13.7024 5.89E+02 24379 1.04E+01 293E+02  5.6886 38.3055 1.71E+01
Worst 4.51E+05 1.87E+01 1.37E+01  127E+04  6.2452 142239 1837.6864 7.4853 1855.1527 2.18E+01
Runtime 1.45E+00 3.23E-02 4.73E-02 3.52E-02 341E-02 6.54E-01 3.62E-02 3.65E-02 3.41E-02 3.56E-02

Avg 5.44E+04 1.85E+01 1.37E+01  2.82E+03  3.2887 12.117 9574367  6.6229  398.4102 2.16E+01

Std 5.73E+03 1.34E-01 1.76E-05 1.39E+03  0.36816 0.77625 188.2869  0.2793  245.0183  0.10685

HEOA Median 5.33E+04 1.85E+01 1.37E+01  2.77E+03  3.2796 1.21E+01 967.2556  6.6667  4.61E+02 2.16E+01
Best 4.40E+04 1.84E+01 1.37E+01  5.66E+02 27189 1.05E+01 5.11E+02  5.9581 30.8905  2.13E+01

Worst 6.58E+04 1.90E+01 1.37E+01  6.66E+03  4.3337 134309 1359.8417 7.1293  766.1736 2.17E+01
Runtime 1.49E+00 1.05E-01 1.17E-01 9.18E-02 9.18E-02 7.13E-01 9.23E-02 9.21E-02 8.97E-02 9.37E-02

Avg 5.76E+04 1.86E+01 1.37E+01  9.46E+03  4.6101  12.0658 759.7364 6.3874 615.0872 2.15E+01

Std 8022.8338 3.63E-01 3.03E-05  2.32E+03 0.31355 0.75009 241.6487 0.37359  98.2145  0.079069

RSO Median 54846.1182 18.5787 13.7025  9536.4157 4.5814 1.22E+01 751.5693  6.4982  659.5245 2.15E+01
Best 48493.6534 18.3456 13.7024  3488.0155 4.1946 1.01E+01 299E+02 53801 297.7361 2.13E+01

Worst 7.77E+04 1.97E+01 1.37E+01  1.31E+04 5.3998  13.5402 1214.7672 6.8869  678.6778 2.16E+01
Runtime 1.42E+00 9.85E-03 2.37E-02 1.31E-02 1.34E-02 6.41E-01 1.37E-02 1.38E-02 9.98E-03 1.44E-02

Avg 2.64E+08 1.93E+01 1.37E+01  4.23E+03  3.6972  12.1474 6489509 6.3751 276.1972  21.4843

Std 4.46E+08 7.16E-01 1.51E-03 290E+03  0.7026  0.66004 256.0807 0.53345 393.8778 0.081617

TSA Median 6.16E+06 1.93E+01 1.37E+01  4.15E+03 3.516 12.2234  645.9642 6.499 142.8302 2.15E+01
Best 4.02E+04 1.84E+01 1.37E+01 1.46E+02 2,688  1.04E+01 281.4252  5.1036 3.7988  2.13E+01

Worst 1.82E+09 2.06E+01 1.37E+01 1.14E+04  5.3654 132805 1360.986  7.0673  1733.149  21.6297
Runtime 1.44E+00 2.25E-02 3.77E-02 2.12E-02 2.14E-02 647E-01 2.15E-02 2.20E-02 1.78E-02 2.24E-02

Avg 5.35E+04 1.88E+01 1.37E+01  3.86E+03  3.3814 11.7892 474.7093 5.7082  7.55E+02 2.12E+01

Std 7.86E+03 2.50E-01 4.33E-06 1.31E+03  0.43373 0.81102 143.9718 0.56294 4.95E+02 9.77E-01

HOA Median 5.22E+04 1.88E+01 1.37E+01  3.95E+03  3.4038  12.0046 479.7732  5.6655  681.4956 2.15E+01
Best 3.98E+04 1.84E+01 1.37E+01 1.16E+03  2.5829 9.8459  226E+02 45173  101.2396 1.61E+01

Worst 7.97E+04 1.96E+01 1.37E+01 6.34E+03  4.3315 12.814  800.3575  6.9001  1.97E+03 2.16E+01
Runtime 1.48E+00 3.13E-02 4.22E-02 3.23E-02 3.22E-02 6.67E-01 3.28E-02 3.44E-02 2.65E-02 3.37E-02

Avg 97315896563 427.7245 13.703 7095.6185  4.0087 9.9303  442.7255 55868  691.9275  21.0655

Std 136318688210  792.8232  0.00079247 4237.1663 0.65054  1.5094  159.9242 0.50783 494.7138  0.91475

GGO Median 61164568613 186.5389 13.7027  5816.5641  4.0415  10.1472  483.2577  5.6991 519.252  21.1948
Best 2173686434 21.2666 13.7024 1565.46 2.8608 6.3927  134.1041  4.4038 15.7141 16.2714

Worst 723744748854  4239.2397 13.7059  19314.6125 5.1768 124674 843.2504 6.5398 2107.0827 21.5187
Runtime 1.46E+00 9.69E-03 2.33E-02 1.23E-02 1.57E-02 6.37E-01 1.35E-02 141E-02 1.37E-02 1.52E-02

Avg 647052760084  8769.0863 13.7026 141359045 6.5489  12.1182 676.3989  6.6702 5149.2485 21.5239

Std 347516952047  2103.5102  9.18E-05  2976.5995 0.63417 0.50817 147.3041  0.2198 1130.6767 0.07662

POA Median 576039484415 8837.3035 13.7025 14995522  6.6518  12.0378 705.0797  6.6504 5390.9068 21.5306
Best 139851895054  3300.4098 13.7025 6153.3699  4.7275  10.8911 196.3915  6.0269 2243.8198 21.3764

Worst 1635610610011  11985.934 13.703 17916.3577 75025  12.8186 893.5511 7.0946 6688.0816 21.6743
Runtime 1.45E+00 5.00E-03 1.86E-02 945E-03 9.95E-03 6.43E-01 1.03E-02 1.05E-02 6.19E-03 1.09E-02

The p-value of FOX in relation to the nine other algorithms in the CEC2019 benchmark methods
is displayed in table 8. The p-value results demonstrate that CLFOX performs better than FOX in eight
functions, seven of which are significant.

Figure 12 shows the convergence curve of CLFOX and the nine other algorithms across the 10
CEC2019 benchmark functions. According to the figure 10, CLFOX converges more quickly than prac-
tically every other algorithm that it was compared to. According to the convergence curves, CLFOX
has an accelerated speed of convergence compared to all other algorithms in most of the methods, es-
pecially in functions CEC1-CEC3, CEC6-CECS8 and CEC10.

This better convergence curve of CLFOX is because of the improvement of the exploration of the
algorithm throughout the iterations.
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Table 8: Statistical results (P-value) for CLFOX compared to the competitive algorithms using the CEC2019 benchmark
functions set.

Comp.ared Cec01 Cec2 Cec3 Cec4 Cec5 Cec6 Cec7 Cec8 Cec9 Cecl0
Algorithm
FOX 0.51198 1.47E-07  2.43E-05 7.66E-05  7.22E-06  0.0086844 0.8418 0.00058737
AO 1.98E-11 3.02E-11 3.02E-11 0.0046371 3.02E-11 0.003183 3.02E-11 5.57E-10
DOA 0.00015929  0.17612 0.007818 3.35E-08 3.02E-11 8.89E-10  3.35E-08 3.02E-11 5.57E-10
HEOA 4.04E-11 3.02E-11 3.02E-11 1.87E-07 3.02E-11 8.99E-11  3.16E-10 3.02E-11 3.02E-11
RSO 1.79E-11 3.02E-11 3.02E-11 3.02E-11 3.02E-11 4.18E-09  6.53E-07 3.02E-11 3.02E-11
TSA 1.62E-10 3.02E-11  4.08E-11 6.74E-06 3.02E-11 1.25E-07  2.00E-05 6.07E-11 3.02E-11
HOA 3.20E-10 3.02E-11  0.0022658  2.87E-10 3.02E-11 2.77E-05 3.02E-11 8.48E-09
GGO 1.79E-11 3.02E-11 3.02E-11 8.15E-11 3.34E-11 0.0011143 3.02E-11 5.57E-10
POA 1.79E-11 3.02E-11 3.02E-11 3.02E-11  5.53E-08  3.02E-11 5.46E-09  6.07E-11 3.02E-11 3.02E-11
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Figure 12: Convergence curves of the CEC2019 set functions, from function cec01 (a) to function cec10 (j).

Overall, CLFOX clearly outperforms FOX, developing a better outcome in 8 of the 10 CEC2019
benchmark methods and almost always obtaining statistically significant outcomes. The improved per-
formance results from several changes made to the algorithm that increase its dependability and effi-
ciency. The techniques that led to these improvements include introducing the Lévy flight strategy to
the algorithm and adding an interval-based operator that inserts a random agent once every 10 itera-
tions. These two strategies enabled the algorithm to search the search region more, maintain diversity,
and, most importantly for the CEC2019 functions, helping it escape local optima, as most of the
CEC2019 test benchmark functions contain numerous local optima.

4.6. CLFOX Evaluation on CEC2022 Benchmark Functions

Finally, CEC2022 is used to evaluate the effectiveness of CLFOX related to the other algorithms.
The set contains 12 functions categorized into four types: one unimodal function which is F1, while F2—
F5 are basic functions, F6-F8 are hybrid functions, and the three last functions inside the set that have
composite specifications are functions F9-F12. The CEC2022 function set is included in this paper to
assess the proposed algorithm and to highlight its strengths and weaknesses. Since the set contains four
distinct kinds of functions, it provides a comprehensive way to evaluate an algorithm.

Table 9 presents the results of CLFOX and the nine other comparison algorithms regarding the
CEC2022 benchmark test functions. CLFOX outperforms FOX in all 12 test functions and achieves better
outcomes than all other algorithms in half of them, specifically functions CEC1, CEC2, CEC6, CEC9,
CEC10, and CEC11. It is notable that CLFOX performs best in the unimodal function (CEC1), which is
directly related to the exploitation capability of the algorithm. In other words, the exploitation potential
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of CLFOX is higher than all other algorithms in the CEC2022 test functions. In the composite functions,
compared to other algorithms, CLFOX surpasses them in three out of the four functions (CEC9-
CEC11).

Figure 13 is an illustration based on the data presented in table 9. Based on how well each algo-
rithm performed across the 12 CEC2022 benchmark functions, it displays the average rank and place-
ment of each algorithm. Second position goes to the CLFOX algorithm, following AO. Compared to the
greater differences among the other algorithms, it is noteworthy that the difference between the first-
place algorithm (AO), that has an average rank of 2.17, and the second-place algorithm (CLFOX), is not
that great. For instance, FOX has a total average rank of 5.83, whereas HOA and DOA, in third and

fourth place, have an average rank of 5.08.

Table 9: Cec2022 results for CLFOX and the compared algorithms.

::fu: Cec01 Cec2 Cec3 Cec4 Cec5 Cec6 Cec7 Cec8 Cec9 Cec10 Cecll Cecl2
Avg 2112.1099  443.3383 644.6327 834.1933 1470.7457  3.43E+03  2103.8324 2239.3097 2621.5731 2.52E+03 2757.6399 2.93E+03

Std 2343.5424  35.0771 1.22E+01  5.5272 50.3501 1.83E+03 34.8187 16.2807 42.9911 42.0117 140.518  3.23E+01

CLFOX Median  1310.0258  451.7484 646.8995 832.8336 1467.3999  2.76E+03  2098.0626 2235.0238 2633.6975 2.50E+03 2751.0751 2.93E+03
Best 300 400.0501 617.8048 828.8537 1424.3202  1.88E+03 2.05E+03 2220.8199 2535.3987 2.50E+03  2600.028  2.87E+03

Worst  10654.3528  544.7261 661.7286 850.7427 1705.8793  8.08E+03  2181.6817 2281.5209 2684.2503 2.68E+03 3201.1515 3.02E+03
Runtime  3.72E-02 3.49E-02 3.75E-02 3.52E-02 3.57E-02 3.48E-02 3.95E-02 4.08E-02 3.82E-02 3.85E-02  4.26E-02  4.24E-02

Avg 5476.1535  478.8679 655.1654 835.5199 1483.9534  3.71E+03 2.17E+03 2414.8032 2627.1376 2.84E+03 2854.9662 3.00E+03

Std 6800.7759  74.4403 8.1058 8.6191 87.833 2.10E+03 8.68E+01 1524649  53.4669  397.3918 369.0141  5.66E+01

FOX Median  2531.439 469.233  656.552  832.8336 1467.9691 2.63E+03 2.17E+03 2435.7763 2629.4671 2.68E+03 2761.6479 2.98E+03
Best 300.0005 400.067 637.7716  823.879 1431.2374  1.86E+03 2.06E+03 2218.1114 2531.8307 2.50E+03 2600.0273 2.92E+03

Worst  24893.5924 711.3855 675.0144 857.7075 1907.6793  8.25E+03  2347.1431 2655.5324 2745.0394 3.65E+03 4543.5898 3.12E+03

Runtime  2.91E-02 2.86E-02 3.14E-02 2.88E-02 2.95E-02 2.86E-02 3.36E-02  3.49E-02 3.20E-02  3.26E-02  3.65E-02  3.59E-02

Avg 6.41E+03  4.96E+02 6.26E+02 8.25E+02 1116.0874  2.48E+05  2066.1399 2232.2436 2648.6904 2.56E+03 2788.5149 2.87E+03

Std 2.73E+03  8.16E+01 8.48E+00 6.67E+00 145.0746 5.99E+05 30.2538 3.8147 38.3657 65.7118  115.7541  1.06E+01

AO Median  5.59E+03  4.72E+02 6.24E+02 8.24E+02 1056.7654  8.36E+04  2055.8937 2231.9356 2652.9149 2.51E+03 2761.1564 2.87E+03
Best 2.41E+03  4.21E+02 6.15E+02 8.11E+02 9.62E+02 1.36E+04 2.03E+03 2225439 2560.3707 2.50E+03 2638.8259 2.87E+03
Worst 1.57E+04  7.63E+02 6.47E+02 8.38E+02 1449.7116 3322479.145 2144.5871 2240.3009 2709.7271 2.65E+03 3256.2455 2922.2682

Runtime  4.33E-02 4.18E-02 4.97E-02 4.34E-02 4.49E-02 4.23E-02 5.23E-02 5.50E-02 4.89E-02 5.07E-02  6.01E-02  5.99E-02
Avg 6.54E+03  5.68E+02 6.33E+02 8.36E+02 1256.5651 7448410.316 2080.318 2256.2564 2630.439  2.61E+03 3022.6131 2920.0928

Std 4.04E+03  1.68E+02 1.35E+01 1.03E+01 261.479  37223025.01 31.6749 53.2306 48.2495 97.7115  319.9435  58.7654

DOA Median  6.29E+03  5.01E+02 6.35E+02 8.33E+02 1167.6754  2.10E+03  2072.3259 2233.5527 2627.8311 2.64E+03 2895.0469 2.90E+03
Best 901.7775  4.07E+02 611.3333 8.22E+02 951.0797 1.85E+03 2.04E+03 2222.0633 2529.5854 2.50E+03 2704.1997 2.87E+03
Worst 1.58E+04  1.11E+03 6.67E+02 8.61E+02 1855.1815 204092040.8 2137.8592 2443.1084 2735.9407 2.83E+03 4108.2924 3132.2899
Runtime  4.22E-02 4.13E-02 447E-02 4.30E-02 4.35E-02 4.15E-02 478E-02  4.65E-02 4.41E-02 4.45E-02 4.82E-02 4.81E-02
Avg 9.73E+03  5.08E+02 6.56E+02 8.49E+02 1630.6338 1518413.301 2127.7216 2237.113 2681.5204 2.66E+03 2810.1247 2964.9043

Std 2.17E+03  7.69E+01 1.04E+01 1.18E+01 306.8715 1907849.766  37.5544 11.412 32.6577 19.9619  136.7484  80.5393
HEOA Median  9.40E+03  4.89E+02 6.55E+02 8.46E+02 1576.222 8.87E+05  2139.4401 2234.577 2.69E+03 2.66E+03 2766.0302 2945.1858
Best 6.52E+03  4.20E+02 6.38E+02 8.28E+02 1118.5221 3.14E+04 2.04E+03 2226.6406 2623.0911 2.62E+03 2730.9622 2.87E+03
Worst 1.64E+04  7.71E+02 6.76E+02 8.72E+02 2211.8137 7167317.102 2171.602 2289.7921 2731.6014 2.71E+03 3359.9409 3159.5637
Runtime  9.84E-02 9.83E-02 1.00E-01 9.78E-02  9.89E-02 9.82E-02 1.02E-01  1.04E-01 1.01E-01 1.01E-01  1.05E-01  1.06E-01
Avg 450E+03  1.05E+03 6.50E+02 8.45E+02 1395.4572 5042462.696 2104.3379 2290.1098 2706.9982 2.53E+03 3170.2802 2908.4781

Std 2295.0529  2.65E+02 7.82E+00 8.05E+00 99.5683  13030679.49  31.4482 64.465 52.573 53.0061 236.1304  33.1048
RSO Median  4182.3628 1016.2001 650.7031 846.5824  1422.99 7.41E+04 2096.233  2260.66  2701.2113 2.52E+03 3085.2786 2900.4393
Best 1826.9598  598.7777 6329379 827.4301 1171.2172  5.17E+03 2.06E+03  2234.2956 2605.7851 2.51E+03 2904.2891 2.87E+03
Worst 1.11E+04  1.60E+03 6.68E+02 8.62E+02 1588.5994 47217368.86 2209.2037 2461.5516 2882.439 2.72E+03  3875.089 2973.4602
Runtime  1.74E-02 1.64E-02 2.04E-02 1.74E-02 1.80E-02 1.66E-02 2.15E-02  2.29E-02  1.99E-02  2.12E-02  2.69E-02  2.64E-02
Avg 7.00E+03  5.50E+02 6.34E+02 8.50E+02 1529.027  4023041.37 2086.6605 2289.3293 2667.713 3038.7913 3085.3962 2916.3921

Std 3.16E+03  1.84E+02 1.73E+01 1.42E+01 478.8098 12065929.58  38.4333 66.3905 59.7916  536.9521  348.3374  55.1146
TSA Median ~ 7.58E+03  4.75E+02 6.31E+02 8.51E+02 1366.8746 74965.0859 2074.9913 2250.4097 2664.3549 2.80E+03 2976.4936 2904.7919
Best 3.32E+02  4.02E+02 6.09E+02 8.23E+02 984.3619 1.23E+04  2027.5469 2210.7499 2562.6021 2.50E+03 2725.2498 2.87E+03
Worst 1.27E+04  1.19E+03 6.81E+02 8.88E+02 2557.0975 40041000.88 2164.6973 2445.1573 2811.6051 4086.8868 3960.8501 3135.6333
Runtime  2.54E-02 241E-02 2.84E-02 2.52E-02 2.59E-02 2.44E-02 291E-02 3.07E-02 2.77E-02  2.90E-02  3.44E-02  3.39E-02
Avg 6.64E+03  7.55E+02 6.31E+02 8.31E+02 1145.5517 58946173.52 2071.072 2245.0028 2.69E+03 2.61E+03 3214.4958 2994.3032

Std 2.16E+03  2.46E+02 7.95E+00 8.92E+00 149.6293 81892158.92  23.5798 51.4519  3.02E+01 1.35E+02 380.1734  41.1191
HOA Median  6.51E+03  6.83E+02 6.32E+02 8.31E+02 11022628 15538957.58 2067.054  2229.612 2696.7304 2.62E+03 3077.0573 2982.4797
Best 2.38E+03  4.60E+02 6.15E+02 8.10E+02 953.3065 159326.4829 2.03E+03 2218.5903 2641.8631 2.50E+03 2765.3605 2911.2088
Worst 1.21E+04  1.37E+03 6.48E+02 8.52E+02 1581.1502 296203755.8 2116.8436 2447.9534 2.75E+03 3.25E+03 3927.3618 3100.0013

Runtime  3.75E-02 3.64E-02 4.05E-02 3.80E-02 3.86E-02 3.75E-02 430E-02 4.23E-02 4.01E-02 4.12E-02  4.58E-02  4.55E-02
Avg 11803.8327 1035.9802 631.2195 835.844 1253.1506 78547532.07 2073.5443 2251.9354 2714.9483 2669.5517 3451.7968 3020.9012

Std 5259.7825  360.9367  9.1267 8.7474 2299306 151695327.8  38.2468 40.5338 359168  225.0779  307.8748  65.4674
cco Median 11497.6332 973.8383 630.3546 835.5306 1202.5295 15290440.03 2061.8138 2235.2659 2717.2964 2636.997 3459.9178 3011.8496
Best 4156.239 5359717 613.6999 819.7964 943.8164 1973.5551  2029.4926 2223.7326 2652.1184 2502.0945 2935.8558 2898.6727
Worst  25876.5644 2040.323  647.6138 850.5062 1878.8939 714972772.2 2167.1031 2356.635 2798.4624 3471.3404 4094.3469 3258.3949

Runtime  1.86E-02 2.08E-02 2.06E-02 1.84E-02 1.90E-02 1.79E-02 2.26E-02  2.40E-02 2.13E-02 2.12E-02 2.44E-02 2.50E-02



http://doi.org/10.24017/science.2024.1.1

http://doi.org/10.24017/science.2026.2.3 80
Table 9: continue.
Avg 31853.5252 811.5534 673.7671 915.1987 4085.8508 97431676.55 2129.4345 2259.5299 2766.2476 25752867 3372.4031 2872.7916
Std 6080.6468  102.4288 6.84E+00 11.593  548.5708 62773335.48  18.8134 10.6088 47.8896 28.3395  219.5515 1.9652
POA Median 32652.8155 819.5732 673.1029 918.689 4082.2985 84099577.14 2128.1511 2257.934 2775.7515 2567.5705 3371.9531 2873.3183
Best 19251.2482 548.6522 660.5794 883.6258 3170.1816 2657350.715 2083.059  2243.696 2654.3733 2528.2104 2960.2921 2867.3396
Worst  42503.8787 1017.9451 688.7793 934.119 5284.4335 261479298.3 2163.0691 2281.2634 2845.7601 2632.3964 3754.3432 2875.8948
Runtime  1.35E-02 1.28E-02 1.68E-02 1.38E-02 1.44E-02 1.29E-02 1.79E-02  193E-02 1.61E-02 1.81E-02 2.44E-02  2.35E-02
E
£ RSO 6.08
£
<
0 1 2 3 4 5 6 7 8 9
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Figure 13: Average rank per algorithm for the CEC2022 set.

The p-value of FOX in relation to the other nine algorithms is displayed in table 10. The p-value
results demonstrate the significance of the CLFOX outcomes in seven functions compared to FOX
among the 12 CEC2022 benchmark functions.

Figure 14 illustrates the convergence curves for CLFOX and the other compared algorithms. It is
observable that in functions CEC7 and CEC12, CLFOX does not exhibit a fast or stable convergence
curve, as the algorithm progresses to a certain point and then the curve suddenly drops. In contrast,
CLFOX shows good and fast convergence behavior in all other functions of the CEC2022 benchmark

set.

Table 10: Statistical results (P-value) for CLFOX compared to the competitive algorithms using the CEC2022 benchmark func-

tions set.

i;’g“(’)lr’;;: CEC1  CEC2 CEC3 CEC4 CEC5  CEC6 CEC7  CEC8 CEC9  CECI0 CECI1 CECI12
FOX 0016285 0.033874 0.00072951 030418 052014 03871  0.0012362 3.16E-05 0.66273 1.64E-05 0.28378 6.28E-06
AO  431E-08 0.00062027 3.0199E-11 0.015014 0.00095207 0.093341

DOA  586E06 4.42E-06 0.87663 0.39527 052978  0.64142 0.00010407 2.00E-05

HEOA 347E-10 3.16E05 0.0021566 5.19E-07 0.053685 3.02E-11  0.010315 1.86E-06  4.62E-10 0.021506 0.42896
RSO  243E-05 3.02E-11 016238 2.38E-07 607E-11  0.87663 3.83E-06 2.19E-08 0.00030059 5.07E-10
TSA  238E-07 0.0015178 1.86E-06 019073  3.02E-11 0.023243 0.0022658 1.09E-05 6.74E-06

HOA  101E08 1.09E-10 3.02E-11 017145 2.83E-08 9.53E-07 3.65E-08 7.09E-08
GGO  462E-10 334E-11 0.37904 1.29E-09 040354 738E-10 3.52E-07 8.99E-11 2.83E-08
POA  3.02E-11 3.02E-11  334E-11 3.02E-11 3.02E-11 3.02E-11 0.00062027 9.51E-06 121E-10 143E-08 7.39E-11
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Convergence Curves for Cec2022 Benchmark Functions
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Figure 14: Convergence curve of the CEC2022 benchmark functions, from function cecl (a) to function cec12 (1).

Overall, CLFOX outperforms FOX in all 12 CEC2022 benchmark functions and achieves statisti-
cally significant results in seven of them, indicating clear superiority. The improved performance is the
result of several modifications to the algorithm that increase its dependability and efficiency. However,
it can also be observed that the AO algorithm surpasses CLFOX in this set, although none of the other
algorithms outperformed CLFOX in the other benchmark sets.

There are four functions in which CLFOX does not achieve the best performance: CEC3, CEC5,
CEC7, and CEC12. These functions are multimodal, shifted, and rotated. This suggests that, despite the
overall improvements and strong performance of CLFOX, there is still room to boost the algorithm’s
exploration capabilities and establish a better equilibrium between exploration and exploitation.

4.7. Statistical Results of Real-World Problems

CLFOX has been assessed using six engineering design issues and compared with nine alternative
optimization techniques. Each algorithm was run with 30 search agents over 500 iterations, yielding
15,000 function evaluations per run, facilitating a fair and thorough comparison. Table 11 displays the
outcomes of CLFOX alongside the comparison algorithms for each engineering issue. The findings in-
dicate that CLFOX outperforms FOX in five of the six engineering problems, with the only case where
FOX performs slightly better being the Tension/Compression String Design (TSD) problem. Further-
more, CLFOX outperforms all remaining algorithms across all tested real-world problems with the ex-
ception of the TSA algorithm, which achieves results marginally close to CLFOX.

All tested problems are multimodal. Due to the new exploration-enhancing techniques introduced
in CLFOX such as Lévy flight and interval-based search adjustments, the algorithm achieves superior
performance in multimodal landscapes. In addition, all real-world problems used in this study are
fixed-dimension, providing evidence that CLFOX performs well in fixed-dimension optimization tasks.
Further testing on scalable problems is recommended to fully assess its scalability. The engineering
problems encompass many variable types: several are continuous, including the Three-bar Truss De-
sign problem (ITBD), Cantilever Beam Design problem (CBD), and Welded Beam Design problem
(WBD). The Gear Train Design problem (GTD) problem is discrete, and the Pressure Vessel Design
problem (PVD) is a mixed continuous-discrete issue. CLFOX exhibits robust performance across all
areas, highlighting its capacity to manage a range of variables. This versatility arises from the refined
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methods introduced in CLFOX, including the optimized primary search criterion and the implementa-
tion of chaotic population initialization in place of conventional random initialization. The only engi-

neering problem that CLFOX could not outperform FOX on was the TSD design problem. Figure 15
shows the CLFOX and FOX convergence curves when solving the TSD problem.
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Figure 15: CLFOX vs FOX string design convergence curves, where (a) is a zoomed-in view of (b) the highlighting of the early

iterations.

As shown in table 11, the total average of FOX is less than CLFOX in the TSD problem. In other
words, if the total average is considered, FOX reaches a more optimal solution. The average of FOX is
less than CLFOX because in the very first iterations, CLFOX started with larger values that made a
significant change to the average. The figure 15 also shows that CLFOX converges faster than FOX and
reaches a more optimal solution.

Table 11: Engineering problem results for CLFOX and compared algorithms.

Algorithm PVD TSD TBD GTD CBD WBD
Avg 8313.4139 0.014507 263.8965 5.86E-16 1.34 1.81E+00
Std 2778.4215 0.0017327 1.03E-03 7.96E-16 1.54E-05 2.19E-01
CLEOX Median 7336.3048 0.01419 263.8962 4.05E-16 1.34 1.73E+00
Best 5897.2163 0.012696 263.8959 1.57E-19 1.34 1.49E+00
Worst 19006.1165 0.017725 263.9016 4.08E-15 1.34 2.21E+00
Runtime 5.67E-02 5.35E-02 4.62E-02 2.56E-02 3.83E-02 6.60E-02
Avg 12479.8236 0.01369 263.8983 2.60E-15 1.34 2.03E+00
Std 5689.149 0.001584 0.0057168 4.54E-15 2.51E-05 3.30E-01
FOX Median 9571.9016 0.012829 263.8965 8.75E-16 1.34 1.96E+00
Best 6308.9451 0.012674 263.8959 2.81E-18 1.34 1.59E+00
Worst 24106.24 0.017696 263.9268 2.05E-14 1.3401 2.74E+00
Runtime 4.67E-02 4.93E-02 4.26E-02 1.82E-02 3.35E-02 6.09E-02
Avg 7.43E+03 2.55E-02 2.65E+02 9.44E-10 1.3491 1.94E+00
Std 2.44E+03 7.75E-03 6.35E-01 2.12E-09 0.0061129 2.89E-01
AO Median 6.90E+03 2.46E-02 2.64E+02 5.84E-11 1.3476 1.87E+00
Best 6.05E+03 1.35E-02 2.64E+02 9.77E-14 1.34E+00 1.54E+00
Worst 2.01E+04 5.14E-02 2.66E+02 1.04E-08 1.3675 2.6266
Runtime 8.57E-02 8.46E-02 7.10E-02 2.03E-02 5.15E-02 1.07E-01
Avg 6.82E+03 7.88E+07 2.65E+02 8.74E-14 1.3806 1.7632
Std 1.63E+03 2.17E+08 4.78E+00 3.22E-13 0.073821 0.44701
DOA Median 6.21E+03 1.29E-02 2.64E+02 0.00E+00 1.3436 1.57E+00
Best 5880.6722 1.27E-02 263.8958 0.00E+00 1.34 1.47E+00
Worst 1.30E+04 9.30E+08 2.83E+02 1.30E-12 1.6314 3.0434
Runtime 5.98E-02 6.05E-02 5.45E-02 2.63E-02 4.49E-02 7.30E-02
Avg 2.35E+04 1.44E+06 2.64E+02 3.34E-15 1.4225 2.895
Std 1.15E+04 7.86E+06 5.31E-01 1.74E-14 0.040634 0.62066
HEOA Median 2.16E+04 2.02E-02 2.64E+02 0.00E+00 1.4301 3.04E+00
Best 9.16E+03 1.32E-02 2.64E+02 0.00E+00 1.3576 1.54E+00
Worst 6.03E+04 4.31E+07 2.66E+02 9.52E-14 1.5045 4.5758
Runtime 9.07E-02 1.04E-01 9.49E-02 7.18E-02 9.27E-02 1.17E-01
Avg 1.75E+04 4.88E+08 2.69E+02 4.83E-03 2.4988 69614393.6
Std 14305.6529 3.85E+08 4.04E+00 7.92E-03 1.0756 166908921.2
RSO Median 12643.4507 571158159.3 267.0047 0.0011385 2.1394 3.86E+00
Best 7610.8326 0.013022 264.6271 3.37E-06 1.3984 2.44E+00
Worst 7.47E+04 9.30E+08 2.79E+02 3.38E-02 5.9221 782639036.2
Runtime 3.69E-02 3.75E-02 3.10E-02 6.43E-03 2.30E-02 4.84E-02
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Table 11: continue.

Avg 6.24E+03 1.31E-02 2.64E+02 1.40E-11 1.3416 1.4914
Std 3.48E+02 4.41E-04 1.05E-02 3.99E-11 0.00069859 0.0063418
TSA Median 6.13E+03 1.29E-02 2.64E+02 3.02E-12 1.3416 1.4907
Best 5.91E+03 1.27E-02 2.64E+02 5.35E-16 1.3405 1.48E+00
Worst 7.20E+03 1.44E-02 2.64E+02 2.16E-10 1.343 1.5078
Runtime 4.04E-02 3.97E-02 3.23E-02 9.56E-03 2.54E-02 5.14E-02
Avg 1.00E+04 1.43E-02 2.64E+02 8.54E-17 1.3614 2.8641
Std 2.80E+03 1.37E-03 2.45E-01 3.68E-16 0.014747 0.38155
HOA Median 8.96E+03 1.39E-02 2.64E+02 3.58E-22 1.3568 2.7839
Best 7.16E+03 1.28E-02 2.64E+02 7.40E-28 1.3428 2.0788
Worst 1.77E+04 1.82E-02 2.65E+02 1.97E-15 1.4034 3.7521
Runtime 5.95E-02 6.18E-02 5.29E-02 2.55E-02 4.22E-02 7.12E-02
Avg 15759.6451 305839959.7 264.7358 0.00010283 6.7139 3.5159
Std 5059.5689 383148330.1 1.3389 0.00039273 1.324 1.2255
GGO Median 15480.0166 0.20425 264.1655 0 6.9455 3.4205
Best 8914.8118 0.020712 263.8964 0 3.7432 2.0006
Worst 30760.642 990844134 269.1114 0.0021473 8.7361 7.8879
Runtime 3.82E-02 4.03E-02 3.39E-02 8.45E-03 2.40E-02 5.36E-02
Avg 15931.7675 0.01321 264.7981 1.35E-09 6.2566 2.3585
Std 3665.3995 6.95E-05 6.00E-01 2.12E-09 1.1823 0.39296
POA Median 16298.1698 0.013214 264.6833 3.68E-10 6.2464 2.369
Best 8538.1158 0.012984 263.9218 1.42E-13 3.75 1.5673
Worst 22456.116 0.013329 266.2652 8.87E-09 9.4421 3.0874
Runtime 3.27E-02 3.48E-02 3.01E-02 3.71E-03 1.82E-02 4.55E-02

5. Discussion

The improvements made to develop CLFOX made the algorithm perform better than the main
FOX optimization algorithm and all other compared algorithms in this study. This is demonstrated by
the CLFOX results for the benchmark function sets used to evaluate its performance. For the classical
benchmark functions, CLFOX is better than FOX in 22 of the 23 functions. CLFOX outperforms FOX in
8 out of 10 functions in the CEC2019 set. CLFOX is better than FOX in all 12 functions in the CEC2022
set. Additionally, to verify the practical application of CLFOX, it was used to solve six real-world engi-
neering problems and found solutions for all of them. In five out of six problems, CLFOX was better
than FOX.

These results are broadly in line with recent studies that have improved the original FOX algo-
rithm by adding more mechanisms to enhance its search efficiency. For example, OBL4FOX [19] im-
proved FOX using opposition-based learning and nonlinear dynamic control variable strategies. IFOX
[18] proposed an adaptive strategy to improve the balance between exploration and exploitation. Sim-
ilarly, ASFFOX [20] used a chaotic map, adaptive inertia weight, Lévy flight and spiral search to im-
prove the search process. Other studies have also shown the potential of hybridizing FOX with other
optimization and learning strategies such as FOX-TSA [24] and FOX-GWO [29]. These studies confirm
that the performance of FOX can be improved by modifying it. CLFOX uses a different improvement
strategy that integrates a Cubic chaotic map, Lévy flight, extended main condition and interval-based
operator into one framework. The steady improvement of CLFOX over FOX in all benchmark sets in-
dicates that these mechanisms are able to cooperate well to improve population diversity, exploration,
and the ability to escape local optima.

The four major improvements made in the original FOX are responsible for such strong results.
For population initialization, the Cubic chaotic map is used, which improves the population diversity
from the beginning of the search. A Lévy flight mechanism was added to the algorithm to explore the
whole of the search area more widely since FOX has a bad exploration. Furthermore, the main condition
of the algorithm was extended by three cases instead of two, which resulted in an enhanced balance
between exploitation and exploration. Finally, an interval-based operator was added to avoid the algo-
rithm getting stuck in local optima, and to facilitate its exit if it does.

While CLFOX had promising results in the benchmark tests as well as real-world problems, there
is still room for enhancement. Although CLFOX is slightly weak regarding unimodal functions, it un-
derperforms when it comes to several multimodal functions in the CEC2022 set, which shows that the
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exploration ability has been greatly improved compared to FOX but can be further improved still. Fu-
ture work should be aimed at strengthening the exploration mechanism to obtain more consistently
optimal results.

6. Conclusions

In this study, a new improved version of the FOX optimization algorithm titled CLFOX is intro-
duced. FOX is one of the powerful new optimization algorithms in the domain, developed to solve
optimization problems. Although it has some limitations, this paper introduces another version to over-
come them.

CLFOX uses four new strategies to improve FOX. Firstly, CLFOX uses a chaotic map to initialize
the population instead of regular random population initialization, specifically the Cubic map. Sec-
ondly, a Lévy flight-based exploration strategy is added to the algorithm along with the original FOX
exploration strategy. The third technique increases the main condition of the algorithm from two con-
ditions to three. Last but not least, an interval-based operator is added to CLFOX. The interval runs
once every 10 iterations and adds a new random agent to the population.

To show the performance of CLFOX and to determine its impact in the field of optimization, three
sets of benchmark functions were used. The classical benchmark function set, the CEC2019 set, and the
CEC2022 set were employed to assess CLFOX's performance. CLFOX was also compared to eight recent
powerful optimization algorithms, including AO, DOA, HEOA, RSO, TSA, HOA, GGO, and POA. The
results show that, on average, CLFOX was able to outperform all of the compared algorithms, which
means CLFOX has a better result and impact.

CLFOX is used to solve six engineering problems, specifically PVD, TSD, TBD, GTD, CBD, and
WBD. CLFOX was also in contrast to the other nine algorithms in resolving these problems, showing a
better impact and reaching more optimal solutions, which shows that CLFOX techniques have a signif-
icant influence on improving the algorithm.

This high performance of CLFOX across different environments and test problems is due to the
new techniques that have been added to the algorithm. Adding a cubic map to initialize the population
leads the algorithm to have a diverse population in its initial steps. The Lévy flight technique improves
exploration in the proposed version, stopping the algorithm from getting stuck in local optima. Addi-
tionally, the main condition of the algorithm has been increased from two to three: one condition fo-
cuses on exploitation, another on exploration, and the third also emphasizes exploration, preserving
the balance between exploitation and exploration. The interval-based operator, which runs once every
10 iterations and adds a new random agent to the population, maintains the population's diversity
along with the increasing iterations. It also assists in the algorithm's departure from local optima.

Despite the fact that there is a notable distinction between FOX and CLFOX, the proposed CLFOX
still has certain drawbacks and could be further enhanced. It has significant shortcomings when it
comes to handling certain situations, particularly when dealing with sets that contain a variety of func-
tion types. The algorithm's exploration could be further enhanced because CLFXO performs better
than FOX in practically all multimodal functions, but still fails to obtain the most minimal value.
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  𝒊   𝒎 𝒐 𝒅   𝟏 𝟎 = 𝟎


  i = i + 1


  B e s t P o s i t i o n
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  m


  M a x i
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  O  ( n m  ( 1 + M a x i ) )


  O  ( n m  ( 1 + 2 M a x i ) )


  O  ( n m  ( 1 + M a x i ) )


  O  ( n m  ( 1 + M a x i ) )


  O  ( n m  ( 1 + M a x i ) )


  O  ( n m  ( 1 + M a x i ) )


  O  ( n m  ( 1 + M a x i ) )


  O  ( n m  ( 1 + M a x i ) )


  O  ( n m  ( 1 + M a x i ) )


  𝛽


  𝛽 = 1 . 9

